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Introduction

In essence, spectral sequences are computational tools used to compute (co)homology groups by taking successive
approximations. They contain a lot of information in such a compact definition that at first, spectral sequences
may seem too complicated to be of any use, but this could not be farther from the truth.

Spectral sequences were first introduced by Jean Leray in 1946 while captive in Austria during World War II.
His mathematical upbringing was in analysis and differential equations (his phd thesis was on the Navier-Stokes
equation), but switched to “pure mathematics” to avoid being enlisted by the germans to help in their war
machine. However, Leray did not stray too far from his origins. His work on spectral sequences was motivated
by trying to generalize/axiomatize Cartan’s and de Rham’s theory of differential forms to topological spaces.
In a series of two terse notes in 1946, Leray introduced the definition of sheaves and spectral sequences. These
papers are somewhat opaque and the modern definitions of these objects are quite different.

The modern notion of sheaf is due to Cartan who was himself motivated by André Weil’s modern proof of de
Rham'’s theorem. Though Weil himself does not mention Leray when discussing the inspiration for this proof,
in a 1947 letter to Cartan, it is very likely that he discussed this problem personally with Leray in the previous
year.

The modern notion of spectral sequence is due to Koszul in 1947-1948, a student of Cartan, who “liberated
the notion of spectral sequence from its topological confinement, and brought the thoery to its present-day
form” [Mil00]. Most of the modern notation used in the theory of spectral sequences is due to Koszul.

It is not clear why the word “spectral” was chosen by Leray. During the late 40’s, people had been referring
to spectral sequences as the Leray-Koszul sequence, but, according to Borel, Leray wanted terminology without
proper names and “sequence of graded differential algebras” was too long. Borel then speculates that, since
Leray’s definition of filtration allowed them to be parametrized by real numbers, spectral sequences, to Leray,
felt formally reminiscent of “things labeled spectral” in Analysis.

The theory of spectral sequences in the late 40’s wasn’t very well accepted by the mathematical community
since Leray’s original notes were hard to understand and included no applications or theorems. This changed
however, when in 1950 a paper of Borel and Serre applied Leray’s theory to show that Euclidean space cannot
admit a proper fibration by connected fibers over a compact base space. More precisely, there does not exist a
continuous map p : R® — B, where B is compact, p~1(b) C R™ is connected and such that p is a fibration, i.e.
it satisfies the homotopy lifting property: for every topological space X and every homotopy h : X x [0,1] — B
there exists a lift 7 : X x [0,1] — R™ that preserve any choice of map hg : X — R™ and makes the following
diagram commute:

X x {0} —2 R®

R

\[ ///// J/p

X x[0,1] —— B

=

If you restrict the above definition to X’s that are CW-complexes, then p is called a Serre fibration.

The final result result that turned the theory of spectral sequences into its modern form is Serre’s PhD
thesis where, among other things, he constructs a spectral sequence that computes the singular (co)homology
of the total space X of a Serre fibration p : X — B in terms of the (co)homology of B and the fiber F'. More
precisely, he showed that

HE (B, HZ

sing sing(F)) = Hp+q (X)
See definition 9 for a precise statement about the convergence of spectral sequences. The above convergence
is true for general Serre fibrations with some slight modifications; we’ve written a simplified version when B is
simply connected so the choice of fiber doesn’t matter since all fibers are homotopy equivalent.

Soon, many different examples of spectral sequences were found. Below we informally list a couple of them

that are important in algebraic geometry.



1. (Serre-Hochschild) Let G be a group, N < G and A a G-module, then
HP(G/N,HY(N,A)) = HP™(G, A)
We will study this case in detail in Section 4.

2. (Cech—to—derived—functor) Let F be a presheaf on a topological space X with a fixed open cover U =
{U;}ier- Then we have the Cech complex

iU, 9) = [[ FU,n---nT)

which can be made into a cochain complex C*(U, F). Then the Cech cohomology of F with respect to the
cover U is defined as §
HI(W,F) := HI(C*(U,F)).

Then there is a spectral sequence that satisfies
HP (U, HY(X,F)) = HPTI(X,T)

where H%(X, ) is the presheaf U — H4(U,F|y) and H™(X, F) is the right derived functor of the global
sections functor.

3. (Grothendieck) Let B,C and D be abelian categories such that both B and € have enough injectives.
Suppose we have two left exact functors

BLGL@

such that G sends injective objects I in B to F-acyclic objects, i.e. (L;F)(G(I)) = 0 for all i > 0, where
{L:iF}i>o are the left derived functors of F. Then for every object B € B there is a convergent spectral

sequence
(RPF)(RYG(B)) = RP9(F 0 §)(B).

In fact, the Grothendieck spectral sequence generalizes quite a few other spectral sequences like the
Hochschild-Serre spectral sequence.

In section 1 we go over the preliminary definitions of filtered abelian groups to set up the objects that will
produce for us the spectral sequences we will be interested in. In section 2, we review the basic definitions
of spectral sequence and their convergence. We also prove the existence of the exact sequence of edge terms
arising from a convergent spectral sequence, which is of great computational value. In section 3 we prove the
existence of spectral sequences attached to filtered abelian groups. This section can be mostly skipped on a
first reading since it is quite technical without any enlightening ideas or concepts. In section 4 we discuss the
Hochschild-Serre spectral sequence in detail and deduce some of its properties which are of importance in Class
Field Theory. Finally, in section 5 we discuss an interesting application of spectral sequences to the computation
of Euler characteristics of groups.

1 Filtered Abelian Groups

We begin with a description of the main way spectral sequences arise in the theory of Galois cohomology. It
starts with filtrations.

Definition 1. A filtration {FPA},cz on an abelian group A is a descending chain of subgroups of A:
- DFPTYADFPAD FPHIAD ...

An abelian group A with a filtration is called a filtered abelian group. Furthermore, if A is graded, say A = ® A,
then we say that:

e the filtration is compatible with the grading if

FPA=EDFPAN Apyy).

qEZ

e the filtration is regular if for every n € Z, there exists an integer u = p(n) € Z such that

p>p = FPANA,=0



Remark. If A is a graded abelian group with a compatible filtration {FPA},cz, then each term of the filtration
FPA is itself a graded abelian group with homogeneous components

(FPA), = FPAN Apyy.

These components hold a lot of information about the original group in the way they interact with both the
grading of A and its filtration. More precisely, (FPA), is a subgroup of both the (p + ¢)th homogeneous
component of A and the pth part of the filtration which can be recovered by summing (F?A), over all ¢ > 0.

Example. Graded abelian groups possess a “trivial” filtration that is both regular and compatible with its
grading. We define this filtration as follows: if A = @A, is a graded abelian group, we set the pth element of
the filtration as

FPA:=(PA, CA (1)

nzp

It is clear that that {FP?A},cz is a filtration on A. Furthermore:

FPANApyq = (@A") NAprg= {Ap+q a=0

n>p 0 ifg<0
so that
PFrAn Ay ) =P Aprg = EP An = FPA,
qEZL q20 nzp

and hence the filtration {FPA},cz is compatible with the natural grading of A. Furthermore, it is clear that
for any integer n € Z, we may take u(n) = n + 1 so that

p>n+1 — FPANA, = (@Am)mAnz P (Ann4,)=0
m2>p m>p

since A,, N A,, = 0 whenever m # n. This shows that the above filtration is regular. This filtration is called
the trivial filtration of the graded group A.

Graded abelian groups arise naturally as complexes so it is important to incorporate differentials into our
study of graded abelian groups. Below we give the natural definition of differential in the context of graded
abelian groups, which is equivalent to the usual definition of differentials of cochain complexes.

Definition 2. Let A = $A,, be a graded abelian group. An endomorphism § : A — A is called a differential
if it satisfies:

(i) 6 is of degree 1, that is 6(A,) C Apy1,

(ii) 606 =0,
Furthermore, if A is filtered by {FP A} ez, we say that 0 is compatible with the filtration if
(@ii) O(FPA) C FPA.

Remark. Condition (7) tells us that § = ®0™ where 6™ : A,, — A1 is the restriction 6™ := 6|4,. Hence a
differential § : A — A on a graded abelian group A = @A, is precisely a cochain complex

5n71 5"
An—l An An+1 —_—

Remark. Suppose A is a graded abelian group with a filtration {FPA},cz and 6 : A — A is a compatible
differential. Since the filtration is compatible with the grading, we know that each term FPA of the filtration
is itself a graded abelian group. Since 6(A,) C A,4+1 by assumption and §(FPA) C FPA by the above, then
the restriction 6| pr4 sends the nth homogeneous component of FP A to its (n + 1)th homogeneous component.
Indeed

Opra((FPA)n) = 0(FP N Apyn) COFPA)NO(Apin) = FPAN Apy(ny1) = (FPA) 1.

so ¢ restricts to a differential on FPA.

We collect all these compatibility conditions that we’ve seen so far. For lack of a better term, we call these
groups admissible and we fix the following notation:

Definition 3. We say that an abelian group A = (A, {An}tnez, {FPA}pez, ) is admissible if A satisfies the
following:



(A) A is graded with A = @A,
(A.ii) A is filtered by {FPA},cz and this filtration is regular and compatible with the grading,
(A.iii) A has a differential § : A — A that is compatible with the filtration on A.
It is for admissible groups that we can define a cohomology module.

Definition 4. Let A be an admissible group. The cohomology module of A is the graded abelian group

. n n ker o™
H*(A) =D H"(A) where H"(A)= T
neZ
Remark. For A an admissible group, we can form a cochain complex
Ao = s —— An—l o An o An+1

where 6™ := ¢

An so that H™(A) is the nth cohomology group of this chain, i.e.
H"™(A) = H"(A,).

Furthermore, we may consider each term FPA of the filtration as its own cochain complex

ST pp 8P pp 4
(FPA)y -+ ————— (FPA),_y (FPA), (FPA)pyg ——— -
and hence the nth cohomology of this cochain is:
ker (6P| pp
H™((FPA),) = er(0" " |pra) _ HPF™(FP A). (2)

im (6Pt =1 ppa)

The cohomology module of A comes equipped with quite a bit of information about the filtered group A.
Let us unravel some of it. The inclusion
tp: FPA— A

induces maps H™(FP?A) — H™(A) on cohomology for all n and hence we get a map
Ly H*(FPA) — H*(A).
The images of these maps form a filtration of H*(A):

Lemma 1. Let A be an admissible group and H*(A) its cohomology module. Then the images,
FPH(A) = o (H*(FPA)) C H'(4),  peZ
form a filtration of H*(A). This filtration is regular and compatible with the grading of H*(A).
Proof. Routine. O

Next we discuss the graded group associated to a filtered abelian group.

Definition 5. Let A be a filtered abelian group, with filtration {F?A},cz. The associated graded group of A
is the graded abelian group

gr(A) := @gr(A)n where gr(A), = F"A/F" "' A.
nez
Remark. If furthermore A is filtered and the filtration on A is compatible with its grading, then

DFPAN Apy D FPAN Apy
A, = pT4q o~ q pTa /I 1
gr(A)p OFPHIAN Ay 1, S FPHIANA, . (¢ =q+1)
~ FPANA,y €B (FPA),
- q€L FPtAN Apyg B (FPH1A) g

qEZ

Thus, if we set
(FPgr(A))q := (FPA)q/(FPT1A)

we get that

gr(A) = P (Frer(A)),

P,q€Z

is a bigraded abelian group.



2 Spectral Sequences

The following constructions can all be done for any abelian category (most notably the category of chain
complexes and the category of sheaves). Here, we will only focus on the category of abelian groups to simplify
the exposition.

Definition 6. A (cohomological) spectral sequence E = (EP'9,0P7),>,, of abelian groups starting at r = ro,
consists of the following data: for each r > r¢ and p,q € Z we have

(SS.i) an abelian group EP-?, called the (p, q)th term in the rth page of E,

(SS.ii) a group homomorphism 624 : EP4 — EP+7a=7+1 called the rth differential at (p, q), such that §PT9="+1o
04 =0 for all p,q and r,

(SS.iii) An isomorphism

D,q
ker o7 ~, ppa
: p—r,q+7r—1 r+1°
im oF

It is convenient to have a visual representation of spectral sequences. The rth page of a spectral sequence
can be viewed as a 2 dimensional grid like Z x Z where we attach EP-? to the point with coordinates (p, q). The
rth differentials are all diagonal arrows on rth page that go over r places and downwards (r — 1) places. For
example, the 2nd page of a spectral sequence and its 2nd differentials look like:

—2,0 ~1,0 0,0 1,0 2,0
o By EY E) E2

—2,1 1,1 0,—1 1,-1 2,-1
E2 ) E2 k) E27 E27 E21

2,2 1,-2 0,2 1,-2 2,2
E, Ey, ™ Ey E, Ey

To visualize condition (SS.iii), we interpret the isomorphism as an assignment that sends EP-? to the coho-
mology of the cochain induced by the differentials 6279 "*! and 629, Hence we have:



2,2 2,2
Ej E;
1 2/ / E(s)l is the 1 2/ /
Ey’ cohomology of Ey
y E;‘l this red cochain y Eg’l
F0:2 V4 at Eg’l F0:2 V
3
/ Ey! VZ Bt /
—1,2 H 3,0 1,2 2 2,0 /
E. " / E B / E
’ e 1 ? A
/| By / / Sy 4 /
E;z 2 / E§’O E;Q’Q V E%’O
/ By / / / By / /
E3—2,1 J E;’_l E2_2’1 V4 E;’_l
VAT AR
S| BT LS R
372,0 ya E§’72 E-2.0 V4 E%’ﬂ
ann AR R
/ E§7—2 / Eg’_z
Eg—z,—1 J E2_2’_1 J/
—1,—-2 —-1,-2
/ E, / E,
/ /
—2,—-2 —2,-2
Ey E,

Notice that as long as you have the differentials d>? for every r > rq, then given EF:9, the rest of the terms
EP-9 are determined. So one can say that a spectral sequence is “determined” by the information on the first
page. In general, you need to know all the differentials on every page to reconstruct the spectral sequence from
only the first page, but in practice, these higher level differentials are all induced by the differentials on the first
page. So most of the time, a spectral sequence is completely by the information on the first page.

Now let us take a closer look at condition (SS.iii). It tells us that E7% is a quotient of ker 627 C EP9, i.e.
a subquotient of EP*?. Hence, the sequence EX:1, Efﬁp Ef(;'i” ... is a sequence of consecutive subquotients.
Thus there exists two sequences

ro. & f(’)(il— f&iz—"' ro. 2 f(;(i1_ fgiz—"'
BPOCBPY CBPY,C. and ZP9D ZPY, D ZP9, D (3)

of subgroups of EL? that satisfy
(1) B C Zf’q for all 4,7 > rg,
(i) B = 709/ Bs,

This is essentially the Correspondence Theorem (cf. Proposition 12). With these observations, we can define
an important part of spectral sequences.

Definition 7. Let E = (EP?,P%),5,, be a spectral sequence of abelian groups starting at r = r¢. Then for
any p,q € Z, we define:

P.q .— p.q
i BOéJ T U"'Z"'O BT‘ i

p,q .— pP,q
i ZOO T mfrz'ro ZT' ’

P9 — /P,q P,q
o P — 7P /B,

Remark. The above definitions immediately generalize to an abelian category C for which both limits and
colimits exist. In this case BE?, resp. Z2:%, is the colimit, resp. limit, of the family { B?*?},>,,, resp. {Z2%},>,,,
of objects of C.



Usually, the sequences {B??},>,, and {ZF9},>,, in (3) are eventually constant which completely eliminates
the need to take limits/colimits. In fact, this stabilization occurs for quite general spectral sequences. Below
we introduce a common type of spectral sequence for which the sequences in (3) are eventually constant.

Definition 8. We say that a spectral sequence E = (E?9,627),>,, is a first quadrant spectral sequence if
EPi=0ifp<0orgqg<D0.

It is clear that for a first quadrant spectral sequence,
r>max{[p| +1,]¢g| +2} = 9=0 and &Il =0.

The intuition is that if = is large enough, then §2'¢ will send EP'? to a point outside of the first quadrant and
§p=ma+=1 will come from some EP~"477~1 outside of the first quadrant as well.

Furthermore, the conditions 624 = 0 and 6?~"47"~! = ( immediately imply:
oP1=0 = ker(6P?)=FEP! — Ef = EP4fim(sP~ 0t — pPe EPY

—rqtr—1 _ : —rqtr—1y _ P4~ , P, ,
gpmratrl =0 =  im( "N =0 = EIY, keré??! = EIJ — EPY

Thus:
r>max{lp| +1,|¢| +2} = EPIZEN, ZENL ..

and the sequence stabilizes. Before continuing, we state the special cases when p = 0 or ¢ = 0 which will become
important later on:

p,0 ;0 . P,0 p,0 _ pp,0 _ _ pp0 p,0 P,0
BP0 EPS o BP0 BP0 — B, — . = ERY  —  ERO - RO, "
EO,q L onq _ EO,Q oy E07q c e EO,q EO,q EO,q
oo T - “g+3 T “q+2 q+1 0 7 0 7 0

In general, if E is a 1st quadrant spectral sequence, we have: if > rg and p,q > 0, there are maps
eB . pp0 — Ero € BE%1 s EO1 (5)

defined by composing the morphisms in (4) up to the appropriate page. In fact, we showed that

r>p = €isanisomorphism , 7>g¢+1 = ¢ isan isomorphism. (6)
The terms EP? and E2? are called edge terms because they lie on the edges of the rth page of E. The
maps €2 and € are called the bottom-edge maps and side-edge maps respectively. Usually, the subindex r is

suppressed from the notation since these maps are usually considered only on the first page, i.e. r = ryg.



) o

2,0
E2

The stabilizing sequences { B9}, >, and {ZP1},>,, hint at the fact that spectral sequences should converge
to something. Below we describe what it means for a spectral sequence to converge.

Definition 9. Let E = (EP?,6P1),>,, be a spectral sequence of abelian groups starting at r» = rg. Let {A"},ez
be a family of filtered abelian groups, such that each A™ has a filtration {FP A" },cz that satisfies F? A™ = 0 for
sufficiently small p and FPA™ = A" for sufficiently large. We say that E converges to {A"} ez, denoted by

EP1 — APta
To
if for every p, q € Z, there exists an isomorphism of groups
aPd; Fpa = gr(Ap+q)p = FpAp+q/Fp+1Ap+q

The required condition on the filtration {FPA"},cz of A", namely that F?A™ = 0 for sufficiently small p
and FPA™ = A" for sufficiently large p, can be rephrased as saying that the filtration on A™ is finite, i.e. after
possibly reindexing, we have a finite descending chain

A" = FOA" D FIA" D ... D FPA" D0

So the homogenous components of the associated graded group gr(A™) are nothing but the composition factors
of A", i.e.
A™ A FlA" FPA™

gr(A™)o = Fign’ gr(A"); = T2An’ gl"(An)p = 0 = FPA™.

Thus we can say that a spectral sequence converges simultaneously to the composition factors of all the A™’s.
This is very useful since it follows the general philosophy in algebra that studying composition factors yields a
great deal of information about the group itself.

Let us look a little closer. We begin by fixing one of the filtered abelian groups A™. The terms of the
spectral sequence we need to study the decomposition factors of A™ are the terms E?'? with p+ ¢ = n, or more
impoprtantly, the terms EZ:?. If the spectral sequence is a 1st quadrant spectral sequence, then the relevant
terms are EQ", ELr= E™0. Under this assumption, we have that the isomorphisms a?? give us:

EL" P = gr(A"™), = pth composition factor of A™.
Thus, since E is 1st quadrant, for p > n we have

FPA™

_ P AT — P+l gn
= TrriAn = FPA" =FPT A

0= ER"P = gr(A"),



so the filtration stabilizes precisely at p = n+1. Since the filtration is finite, then F?T1 A" = Fn+24" = ... = (.
In particular, we have that:

En0 > fngn 5 An
and E%" =2 A" /F1 A" i.e there is an epimorphism
A" —— A" /FT AT = EOn,
If we compose these maps with the edge maps we defined in (5) we obtain: for r > rg
ent . grd —— A" and  &0m: A" —— EON (7)
Beause of their importance, we record these morphisms:

Definition 10. Let E = (EP9,§29),>,, be a 1st quadrant spectral sequence of abelian groups starting at
r =ro. Suppose that EF:9 = APT9. The morphisms % and &)™ defined in (7) are called the edge maps of
[E; the €% are called the side-edge maps and the ™ are called the bottom-edge maps.

The edge maps are very important since they relate the edge terms of E with the limit groups A™ themselves,
and not just their composition factors. This means that the edge maps carry a lot of information about the
limit of the spectral sequence. For small p and g we can actually say quite a lot about these edge maps.

Proposition 2. Let E = (EP9,089),>,, be a 1st quadrant spectral sequence of abelian groups starting at ro < 2.
Suppose that this spectral sequence converges: EP*4 = APT4. Then there is an exact sequence

0 — 0 = g g B, peo Y,
Proof. We prove exactness...
(at Ey°) First, we have that €5 is equal to the composition
B 1,0
B0 -2 BLY s FUAYF?A? = F1AY 5 A (8)
which is injective since the first arrow is an isomorphism by (6).
(at A') The map 68’1 is equal to the composition
1 1771 41 1 (o)t 0,1 5 0,1
Al ——— AYFPAY = gr(AY)y ———— B ———— Ey (9)

where the first arrow has kernel F'A®, which is the image of 5 by (8).
(at Eg’l) The cochain passing through Eg’l is:

0,1
52

—-2,2
—2,2 637 0,1 2,0
o —— By 2 Es Ey

Since E is 1st quadrant, E2_2’2 = 0 and hence im(62_2’2) = 0. Thus, since r = 3 > max{0 + 1,1 + 2}, we
have that

Since €5 : E%! < Eg’l is always injective, then by definition of 8(2)’1, or more precisely (9), we have that
the image of Eg’l is ker 5;)’1.

(at E3°) The cochain passing through E3 is:

0,1 2,0
62 62

RN Eg’l E22’0 Eg’fl ..

Since E is 1st quadrant, Ey' " = 0 so that 65" = 0 and hence ker 63" = E5°. Thus the projection

2,0 2,0 ker &5 20 €

U __ 5 ~ , 3 2,0

E2° = ker 62 T2 > g2t S, 2
imdy

has kernel imdy! because €% is an isomorphism by (6).



3 The Spectral Sequence of a Filtered Abelian Group

We now focus on the main example of interest. Given an admissible group A4, e.g. A = C*(G, B), we will
construct a spectral sequence [E that converges to the cohomology module of A. To state this precisely, we recall
that the cohomology module H*(A) is a graded abelian group

H*(A) =P H"(A).
nez

By Lemma 1, it is filtered by
FPH*(A) := L;(H*(FPA))

where ¢ is the map on cohomology induced by ¢, : FPA < A. Since this filtration is compatible with the

grading, then each homogeneous component H™(A) of H*(A) is filtered by
FPH"(A) := FPH*(A)N H"(A).

Since the filtration on H*(A) is regular, then FPH™(A) = 0 for sufficiently large p. This means we can talk
about convergence of spectral sequences to { H"(A)} since each H™(A) is a filtered abelian group whose filtration
satisfies the necessary finiteness condition. We can now state the main result of this section.

Theorem 3. Let A be an admissible group. Then there exists a 1st quadrant spectral sequence E = (EP9,6P9)
starting at v = 1 that converges to the cohomology module of A, i.e.

EV? = HPTI(A).
The first page of E is EY"? = HPT9(gr(A),).

The proof is quite technical though not difficult. We fix some notation: let A = (A, {An}nez, {FPA}pez, )
be an admissible group. For simplicity we abbreviate:

AP .= FPA.

Proof. (of Theorem 3) Let r > 2. We will carry out the construction of the spectral sequence first and then
show that it converges to what we want.

Step 1: Construction of EP9.

We will define the groups EP'Y as quotients ZP4/BP4  so let p,q € Z. The natural projection AP/APT" —
(AP /APHT) [(APHL JAP+T) =2 AP JAPT! induces the following map on cohomology:

Herq(Ap/Aerr) SN Herq(Ap/Aerl)_

So we define Z?9 to be the image of this map.

qu .—im (Hp-i-q(Ap/Ap-i-r) N Hp+q(Ap/Ap+1))
Next, the natural short exact sequence

0 —— AP - APl Ap=rFl/Agp s () (10)
induces a long exact sequence in cohomology with connecting homomorphism A:
S Hp+q—1(Ap—r+1) N Hp+q—1(Ap—7"+1/Ap) _Aa Hp+q<Ap) RN Hp+q(Ap—r+1> [N
Thus we define BP'? as:
B4 = im( HPHa=1(AP=r+1/Ap) 2, [pta(AP) — 5 HPHa(AP/APH]) )

where the second arrow is the map on cohomology induced by the natural projection AP — AP/AP+L,

In order to define EP? as ZP-1/BP>? and have it behave in the same way spectral sequences do, we must
show that Z2%, C ZP?, BP9 C B,,; and BE? C ZP»9. We prove these three claims below.

10



Claim:

Claim:

Claim:

zZ%d € Zp9 for all r > 2.
The natural projections
Ap/Ap-i-r—i-l - Ap/Ap—H

|

AP JAPFT
induce on cohomology, the following commutative diagram
HPTI(AP JAPTTHL) —— [PHa(AP AP+
Herq(Ap/Aerr)

The claim now follows since Z!}%, is the image of the top arrow and Z?? is the image of the diagonal
arrow.

Bra C Bffl for all r > 2.

The short exact sequence (10) for r and r + 1 fit side-by-side as follows:

0 —— AP APl Ap—rFl/Aap 5

[

0 AP AP=T Y L —)

Since taking long exact sequences in cohomology is natural, we obtain the following two side-by-side long
exact sequences:

RN Hp+q*1(Ap*T+1) [N Hp+q*1(Ap*T+1/Ap) _Aa, Hp+q(Ap) - ..

| l H

R Hp+q—1(Ap—r) N Hp+q—1(Ap—r/Ap) SN Hp+q(Ap) - ..
The claim now follows immediately from the following commutative diagram:
Hp+q—1(Ap—r+1/Ap)
A
J{ i Hp+q(Ap) N Hp-i-q(Ap/Ap-i-l)
.
Hp-i-q—l(Ap—T/Ap)
since BP9 is the image of the top path and BY/, is the image of the bottom path.

Bra C zp4 for all r > 2.

The natural projections
AP — 5 AP /APFL

|

AP / APTT
induce the following commutative diagram

HPJ”?(AP) - Hp+q(Ap/Ap+1)

l / (12)

HPTa(AP JAPHT)
The claim immediately follows by tacking on the connecting homomorphism A as follows

HPa—1(Ap=r+1/Ap) _ 45 HPYI(AP) — 5 HPHI(APJAPHY)

| _—

HPJFQ(AP/AP*T)

and observing that B?Y is the image of the top row and Z?¢ is the the image of the diagonal arrow.
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From the three claims we obtain a sequence
ptq Dyq D54 D5q
By C Byt C--C YT C 7

so we may define
D4 . 7P, | QP4
EP1 .= 7ZP1/BP,

This completes the construction of EP>? and part (SS.i) of the definition of spectral sequence.
Before moving on, we compute the first page. For r = 1, we have AP~"+t1/AP = AP /AP = () and AP/APT" =
AP JAPTL 50 that the maps

HPHIL (APl AP) By grta(AP) —y FPTI(APJAPTY)  and  HPTI(APJAPTT) —s HPTI(AP /AP
are equal to 0 and the identity respectively when r = 1. Hence

BY1=0 and ZP'?= HPYI(AP/APTY) = HPT(gr(A),).

Step 2: construction of the differentials.

The natural short exact sequence 0 — APT" — AP — AP /APT" — () can be placed along side the same short
exact sequence for r = 1 and then “reduced modulo APT7"T1” to obtain the following commutative diagram

0 Apt AP APJAPFT 4 )
0 Ap+l AP APJAPTL 5 0

J J |

0 —— APTL/APTTHL 5 AP JAPFTTHL oy AP /AP —

If we only consider the first and third rows, we obtain two side-by-side long exact sequences in cohomology:

S HPYI(AP) — 5 HPTI(AP/APTT) T SN Hpratlgpbry ...

| | o

oy HPYU(AP AP fpta(AP JAPHYY L getatlAptlAptrdly L
where I' is the corresponding connecting homomorphism and 6 is just the composite map:
0= ( Hp+q(Ap/Ap+T) A, Hp+q+1(Ap+7“) N Hp+q+1(Ap+1/Ap+T+1) )

The triangle in (12), with the exponents suitably shifted, appears in the first square of (13) so we can collapse
it to get
HPta (AP/APJ”“)

] L (14)

HPI(AP JAPHTHL) s [PHa(AP JAPTY) _r. HPHatL(Ap+L/ gptrtl)
Next, we consider the following commutative diagram with exact rows:

0 —— APHTJAPFTHL oy AP APl ApHL Aptr

H l l

0 ——» APFTJAPFTHL AP JAPRTHL L AP JAPTT

l I

00— APFT AP APJAPFT 5

By taking long exact sequences in cohomology, we get

. —— HPTa(APTL/APtT) _r. Hptatl(Aptr Aptrdly y gotatl(Ap+l/Aptrly L

| H |

. ——— HPTa(AP /AP _r . Hp+q+l(Ap+r/Ap+T+l) N Hp+q+1(Ap/Ap+r+1) ... (15

H | [

S HPU(APJAPTT) B gptatl(gptry —  getetl(gry ...

12



Thus if we rotate the first row of the above diagram 90° clockwise and attach it to the right side of (13) we
obtain

Hp+q(Ap+1/Ap+r)
Hp+q(Ap/Ap+r) i, Hp+q+1(Ap+r) ,,,,,,,,, N Hp+q+1(Ap+r/Ap+r+l)
0
Hp+q+1(Ap+1/Ap+r+1) J— Hp+q+1(Ap+1/Ap+r+1)

where the diagonal dashed arrow comes from the left most column of (15) and the horizontal dashed arrow
comes from middle column of (15). Rewriting this diagram into a simpler form gives

HPta (AP/AP+T)

] T (16)

Hp+q(Ap+1/Ap+r) L, Hp+q+1(Ap+T/Ap+r+1) N Hp+q+1(Ap+1/Ap+r+1)

Now, we have two diagrams, namely (14) and (16) that are in the form of Lemma 13. Thus we obtain

isomorphisms
im (HPJ”I(AP/A”*’”) — Hp”(Ap/Ap“)) o zpa

im (Hp+q(Ap/Ap+r+1) N Hp+q(Ap/Ap+1)) o fol

imf =
from diagram (14) and

im (HPJF‘I(AP/AP*’“) A, grrarl(grtry Hp+q+1(Ap+r/Ap+r+1)>

~

imé

im (Hp+q(Ap+1/Ap+r) L, Hp+q+1(Ap+r/Ap+r+1)>

im (Hp+q(Ap/Ap+r) A> Hp+q+1(Ap+r> — Hp+q+1(Ap+r/Ap+r+1))

I

im ( Hp+a(Ap+1/ Aptr) A, Hp+at1(Ap+r) —y Hptatl(Aptr) Ap+r+1)>
Bp+r,q—r+l

_ r+1
- B£+T,(I7T‘+1

from diagram (16). Thus we get an isomorphism

D,q p+r,q—r+1
dp-a - Zy ~ ., B
o P,q p+r,g—r+1°
ZrJrl Br

Finally, since Z29 O Z?!) O BP?, then pojection modulo Z?}!, /BP9 is a surjective map

P,q P,q

a4 EPa — Zy _» Zy
r : ” Bpxq Zpyq :
T r+1

- —rt1 —r+1 S . :
Similarly, B2 € ZPIParH € zptra=rHl 50 we have an inclusion map

p+7,q—r+1 +r,q—r+1
O,;D+'r,q—r+1 . B’r-‘rl AN Zf 1 _ Ep+r,q7r+1
r+1 'B£+T,q—r+1 B£+T,q—r+1 - r
Thus we obtain the differential map
,q—r+1 -
o = in;ﬂq r+l g dP4 o P4 EP E713+T,q r+1 (17)
which has the required properties because
BrY 2
imgP— a1 pq _ T r — P,q P,
imé? =imo, ) = pg C BPa = ker 729 = ker 67
s T
and hence - v
s ) D,q )
EPY — Zr+1 ~ ZT+1/BT _ keI‘(qu
r+1 = Hpad — ppd Jppd - —rqr—1-
Br+1 BrJrl/BT 1m5£ 4
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Step 3: Convergence of the Spectral Sequence.
By Step 1 we have the chains
.ngfl czriC... and -.-C BPf ngfl C ...

we define Z2:7 := NZP? and BE? := UBPY. However, since the filtration on A is regular, the above sequences
stabilize. Below we construct the candidates for the limits of these sequences and then show that they are
indeed the required limits.

Consider (part of) the diagram from Step 2:

0 Aptr AP AP JAPTT —— 0
0 Artl AP AP JAPTL — 0

which in cohomology gives us

s Hp+q(Ap) N Hp+q(Ap/Ap+T) A8 Hp+q+1(Ap+r) — s .

H | | 1

RN Hp+q AP N Hp+q(Ap/Ap+1) A Hp+q+1(Ap+1) ...
So if we define A\ to be the composition
= ( H”*q(Ap/AP*T) _Aa Hp+q+1(Ap+r) N Hp+q+1(Ap+1) )

we obtain the diagram

HPta (Ap/Ap-i-r)
Hp+q(Ap HPta AP/APH Hrtatl (Ap“)

Thus Lemma 13 tells us that A induces an isomorphism

. im (Hp+q(Ap/Ap+r) N Hp+q(Ap/Ap+l)) B zZpa
AT T (Hrra(Ar) — HPY(APJAPTY))  im (HPA(AP) — HPa(AP[APHT))

However, by regularity, A = 0 for sufficiently large r. More precisely, the cohomology of AP, as defined in (2),
tells us that for n = p 4+ ¢ + 1 there is an integer u := p(p + ¢ + 1) such that if p+r > pu(p+ g+ 1) then
APTT N Apigy1 = 0 and thus

ker(oP4 I+ i) _ APTT N Apygp

HPFIOTL(APTTY = g7 HL((APTT),) = M o) = O )

=0.

Therefore, A factors through the zero map whenever r > p(p + ¢+ 1) — p. Thus we have:
r>ulp+q+1l)—-p = ZPi=im (HPW(AP) — HPW(A”/APH))
We can now set:
ZP9 = im (Hp+q(Ap) — Herq(Ap/ApH)) .

As for B2, we reduce the short exact sequence 0 — AP — A — A/AP — 0 modulo AP*! to obtain the

00 I

following side-by-side short exact sequences

0 AP A A/ AP 0
0 —— APJAPHL 5 A/APH A/ AP 0

which induces the following side-by-side long exact sequences in cohomology:

— HPFOY(AJAP) —— HPFU(AP) — FHPTU(A)

| | |

.y [gpta— 1 (A/AP) _=. Hp+q(Ap/Ap+l) N Hp+q(A/Ap+1) ...

14



So if we define the composition
b= ( HPHI(AP) —5 HPHI(A) —5 HPHa(A/APH) )

we obtain the diagram

HPa(AP)
Hprta— 1(A/Ap Hprta Ap/Ap-i-l Hp+q(A/Ap+1)

and thus Lemma 13 implies that we have an isomorphism
im (Hp+q(Ap) - Hp+q(Ap/Ap+1)) 7D,

im (HPta—1(A/Ar) — Hr+a(Ar/Aptl)) im?oE)

Now, v also appears in the diagram

)

HP+a(AP)
Hrta(Artly 210, s HPTI(A) ——— HPTI(A/APH)

where the inclusions ¢, : A? — A define the filtration on H*(A). Thus the image of the vertical arrow is the
(p 4+ q)th component of H*(A)P, and the image of the first horizontal arrow is the (p 4+ ¢)th component of
H*(A)PT1. Thus Lemma 13 gives us an isomorphism between these images, i.e. gr(HPT9(A)), and the image
of 1. We conclude that

YA

im(E)

Therefore, we will finish the proof of the Theorem when we’ve established

gr(HP9(A)), = imy) =

im(E) = | J BP? = B (19)
r>1
We prove this below.
The three side-by-side exact sequences
0 AP APTTHL s APTTELIAP 5
0 AP A A/AP 0
0 —— AP/APTL 5 A/APT] AJAP 0

induce on cohomology
S HPTOTL(ApTHl APY B grta(AP) — HPTa(APTTL) L

| H l

e HPTCVAJAP) — HPTO(AP) — HPRI(A) s

| | |

.y HgPta— 1 (A/AP) = Hp+q(Ap/Ap+1) N HP+4(A/AP+1) - ..

Focusing only on the first two columns, if we combine the equalities and slightly reorder the above diagram, we
obtain
Hp+q—1(Ap—r+1/Ap)

— L

Hp-l-q—l(A/Ap) HPTa(AP)

|

Hp+q(Ap/Ap+1)

(11
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The image of the composition of the vertical arrows is, by definition, B?¢. Thus by the commutativity of the
diagram we clearly have BP'? C im(E) for all r and hence

U B»? C im(2).

r>1
O
4 The Hochschild-Serre Spectral Sequence
Let B be a G-module. Then we define the n-cochains of B as
C"(G,B):={f:Gx---xG— B fis continuous and normalized}.
times
Here, we say that f: G™ — A is normalized if f(g1,...,9n) = 0 whenever g; = 1 for at least one i =1,...,n.

Since B is an abelian group, pointwise addition makes C™(G, B) into an abelian group. For convenience,
we set GO(G, B) = {0}; notice that this implies we can set C°(G, B) = B. The cochains of B form a cochain
complex as follows: for n > 0 we have the nth differential

§": C™"(B,G) — C"T(B,G)

defined as:

n

()G gs1) = G1F (G211 Gus1) + S (D (G gigietse o gnr) + (D (g1, g (20)

i=1
Notice that if f is normalized, then so is 6™ f. Then, it is routine, but tedious, to verify the following properties.

Proposition 4. Let B be a G-module, then each 6™ is a group homomorphism and they satisfy 6”71 o 6™ =0,
i.e. we have the cochain complex:

0 — B = C'(G, B) —— C*(G,B) - C¥(G,B) — ---
With this cochain comples we can define cohomology groups as usual:
Z"(G,B) :=ker6", B"(G,B):=im(6"') and H"(G,B):= Z"(G,B)/B"(G,B).
The elements of Z"(G, B), resp. B"(G, B), are called n-cocycles, resp. n-coboundaries.

Remark. For n = 0 and n = 1, the defining formula for 6™ in (20) yields the following well known descriptions
of the low level cocyles and coboundaries:

z°(@a,B)=B% B°G,B)=0 and H°(G,B)= B

ZYG,B) ={f:G = B f(gh) = f(9) +g.f(h)},
BYG,B)={f:G— B|3eB, f(g9)=gb—b}

From this data we can form the total complex of B:
C*(G,B) =G, B)
n=0
which is automatically a graded abelian group whose nth homogeneous component is simply C*(G, B), =

C™(G, B). Furthermore, the differentials combine to give us

§i= @ 6": C*(G,B) — C*(G,B) defined by §((f™)nz0) = (6" " )nz0- (21)

n>0

From the properties of each §™ in Proposition 4, we immediately obtain that § is an endomorphism of C*(G, B)
of degree 1, i.e. it sends homogenous elements of degree n to homogeneous elements of degree n+1. Furthermore,
we can form the cohomology module as

H*(G,B) =@ H"(G,B).

nez
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Remark 5. If we remove the assumption that our cocycles be normalized, we obtain usual group cohomology.
However, these two cohomologies are isomorphic so there is no loss in generality to assume that our cocylces
are normalized.

Finally, we need to define a filtration on C' := C*(G, B). Let K < G be a normal subgroup of G. We define
a filtration of C starting at p = 0,
C=FCDOF'CDOF*CD---

where each piece of the filtration FPC is defined as the following graded group:

FPC = é FPC™

n=0

where FPC™ C C" := C™(G, B) is defined as follows:

{f € C™| f factors through G x --- X G X G/K x ---xG/K} 1<p<n
FPom = p Yimes -
. n unes ptimes
0 p>n.

For example, if p = 1, then F'C = @F'C™ where

Flcn:{{feC"|ffact0rsthroughG><~--><G><G/K} ifn>1
0 ifn=20

Thus F'C consists of all cocycles f whose value f(71,...,7,) depends only on 71, ...,v,_1 and the coset v, K.
In general, FPC is the set of cocycles f whose value f(v1,...,7,) depend only on 71, ..., ¥,—p and the cosets

’Yn—p+1K7 te 777LK-

Proposition 6. The filtration defined above is regular and compatible with the grading of C*(G, B) and its

differential 6. Thus C*(G, B) is an admissible group.

Proof. By definition of the filtration as FPC = @®FPC™, the filtration is compatible with the grading. The
filtration is also clearly regular, since if p > n, then FPC' N C™ = FPC™ = 0 by definition.

Showing that the filtration is compatible with the differential is more tedious so we only illustrate the
argument with an example. Suppose that f € F2C? Cc C?. Then

6f(91,92,93) = 91f(92,93) — f(9192,93) + f(91,9293) — (91, 92) (22)

Next, lets choose different representatives g5 and g5 of the cosets go K and g3 K respectively. We must prove
that (61)(g1,92,93) = (6f)(91, 95, 95)- Since f € F2C?, then f factors through (G/K) x (G/K) and thus

f(9192,93) = f(9192K, 93K) = f(9195K, 95K) = f(9195, 95)
f(91,9293) = f(91,9293K) = f(91,9295K) = (91, 9295)
f(91,92) = fg1,92K) = f(g1,95K) = f(g1,95)-
Therefore the right hand side of (22) depends only of g1, go K and g3 K, that is §f € F2C? C F2C. O

Remark. The filtration defined above is not compatible with the cup product of cocycles. More precisely, the
cup product U : CP(G, B) x C1(G, B') — CPT4(G, B® B') of cocyles of two G-modules B and B’ is defined by
(fUG15- 5 Ypra) = Fr15-5) @91 Y - 9(Vpt15 - -+ Vota)

and they induce a cup product on cohomology, however, for the filtration defined above, in general we have
FPO(G,B)UF1C(G,B") ¢ FPMC(G,B® B')

A different filtration is needed for the compatibility of the cup product to hold. One defines the new filtration

rem {{fGC”|ifnerlmanygi’slieinK,thenf(gl,...,gn)O} 1<p<n

p>n.

It is obvious that F*PC™ C FPC™ and these inclusions induce maps H"(F*PC) — H™(FP(C). One can show,
with a bit of work, that these induced maps are isomorphisms and that they induce isomorphisms between the
two spectral sequences that these filtrations each define via Theorem 3. While this new filtration turns out to
be compatible with the cup product, it is less amenable to spectral sequence computations, which is why both
filtrations are needed. See §1 of Chapter II of [HS53] for more details.

17



Now that we have a filtration on C*(G, B), we have a spectral sequence. By Theorem 3, there is a 1st
quadrant spectral sequence, starting at ro = 1, converging to the cohomology module H*(G, B). Below we
compute the first and second pages of the spectral sequence so we can compute the short exact sequence of edge
terms from Proposition 2.

Given p,q > 0, then FPCPT? consists of cocyles f € CPT(G, B) whose values f(v1,...,7Vp+q) depend only
on vi,...,vq and the cosets y441,...,Vp+q.- Thus we can restrict the first ¢ arguments to K to obtain a map
(G/K)P — C(K, B). We describe this map more precisely below.

Given a fixed choice of coset representatives for G/K, we have a (set theoretic) section G/K — G which we
denote by z — z*. We only require that the identity K € G/K lifts to the identity in G, i.e. K* = 1. With
this choice of representatives we can define

r,: FPCPT — CP(G/K,CYK,B)) with f—r,f:G/Kx---xG/K — CYK,B
p p

p times

where given z1,...,z, € G/K, the cochain r, f(z1,...,z,) € CP(K, B) is defined as:

Tpf(@1, .o xp) (ks kg) = fkr, o kg at, oy xp).

Since the last p arguments of f € FPCP*? depend only on their class modulo K, then r,f clearly does not
depend on the the section z +— z*. Furthermore, since we chose K* = 1, then r,f is also normalized. The
definition of 7, is level-wise so it immediately upgrades to a homomorphism on F?C.

Next, we show that r, factors through FPT1C C FPC. If f € FPFLC of level p+1+g¢, for some g > 0, then we
can view f as an element of FPT1CWP+)+e ¢ FpCrtatl Thus, for any ki, ..., k41 € K and 24, ..., 7, € G/K,
we have

Tpf(l'l, .. .,Sﬂp)(kl, .. .,kq+1) = f(kl, .. .,kq, kq+1,$>{, . 71’;)

Notice that the values of f € FPT1CPT4+! depend on the first ¢ arguments and the cosets of the last p + 1
arguments. In particular, f depends on the coset k,41K = K so we can substitute k,4; with 1 to obtain

'I’pf(fEl,...,xp)(kl,...,kq+1) = f(7].,) =0
since f is normalized. Thus the restriction map r, induces a homomorphism
75 : gr(C*(G, B)), = FPC/FP*'C — CP(G/K,C*(G, B)).

Next, we show that these restriction maps r, commute with the differentials. More precisely, if we write
the differentials of C*(G/K,C*(K, B)) and C*(K, B) as dg/k and 0k respectively, then we have the following
lemma.

Lemma 7. Given f € FPC, then for any x1,...,x, € G/K, we have
o0/ f) (@1, ... 2p) = Ok (rpf(x1,...,2p)).
In particular, 7, induces a homomorphism on cohomology
75" HPY(FPC/FPHYIC) — CP(G/K, H1(K, B)).

Proof. Follows from the definition of the coboundary maps and the definition of FPC. Maybe I'll add a proof
later... O

In fact, more is true
Theorem 8. (Hochschild-Serre) The map 7,* above is an isomorphism.

Thus, if E = (EP?),>; is the spectral sequence attached to the filtration FPC, given by Theorem 3, then
EP? = HP*(gr(C*(G, B)),) = HPTI(FPC/FPTIC) = CP(G/K,HY(K, B))
Since passing to the second page is just “taking cohomology”*, then we have
EY?~ HP(G/K,H(K, B)).

Thus we can compute the exact sequence of edge terms.

*This requires much more work since one must also compute the differentials on the first page, which Hochschild and Serre do
in §4 of Chapter II of [HS53]
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Corollary 9. We have the following exact sequence,
0 —— HYG/K,BX) " gY@, B) == HY(K,B)%/X —' H2(G/K,BX) —— H2(G,B)

where inf and res are the usual inflation and restriction maps.

Remark. The map t is called transgression and it is the differential map 63’1 : Eg 1 Eg,o of the spectral
sequence attached to the Hochschild-Serre filtration on C*(G, B). The proof of Theorem 3 gives an explicit
description of the differentials because the construction of these differentials is based on Lemma 13 which tells
you precisely what the isomorphism is. Let us work though these definitions.

Set r =2, p =0 and g = 1. In the proof of Theorem 3, cf. equation (17), we defined 52’1 as the composition

0,1 0,1 50,1 0,1 0,1 2,0 2,0
Zs mod Z9"' / B Zs d9 B3 Zy

E071_
2 — 50,1 0,1 2,0 2,0
By Zy B; B;

2,0
= E2

We arrive at the following description of the transgression map... (incomplete)

Example. We can use the Hochschild-Serre spectral sequence to compute the cohomology of dihedral groups
quite easily. Here we just compute the cohomology with coefficients in Z (with the trivial action). This can be
done easily since the cohomology of cyclic groups can be computed directly from the derived functors approach;
in fact, there is an explicit free resolution of Z that is 2-periodic. Here we just quote the computation: let C,,
be a cyclic group of order n, then

ZOw =7 ifn=0
H™(C,Z) = { Z[n] =0 if n is odd

Z/nZ if n is even

Lets consider the case when n is odd, and the dihedral group G = Ds,,. We know that G, is the extension

1 C, Do, Cy 1.
Thus the exact sequence of edge terms for G = Dy, and K = C), is

0 —— HY(Cq,Z) —— H'(Dg,,Z) — HY(C,,2)"> —— H?(Cy,Z) —— H?*(Da,,7Z)
l I l l
0 0 H' (D, Z) 0 727 —— H?(Day,Z)

5 The Euler Characteristic of a Group

Classically, the Euler characteristic of a topological space X is given by the alternating sum

oo

X(X) =Y (— 1) rk(H; ™5 (X))

=0

where each term f; := rk(Hfing(X)) is the ith Betti number. This gives us a template to define the Euler
characteristic of a group.

Firstly, given an abelian group A, we define the rank of A as the cardinality of a maximal Z-linearly
independent subset of A. This definition is not very actionable, so we describe it in a different way. Let Aior
denote the torsion subgroup of A. Since A/Aio; is a torsion-free Z-module (Z being a PID), it is a free abelian
group, so A/Aior = Z" for r = rk(A). Since Q is a flat Z-module, then tensoring the short exact sequence
0— Ator > A — A/Aior — 0 with Q yields the short exact sequence

O — Ator®ZQ E— A®ZQ E— A/Ator®ZQ — 0
=0 ~Qr

Thus rk(A) = dimg(A ® Q). This argument also shows that the rank of an abelian group is additive, that is, if

0 A A A" 0
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is a short exact sequence of abelian groups, then
rk(A") — rk(A) +rk(A") =0

since the same is true for vector spaces. Furthermore, if we have a finite filtration A = A° D A' D ... D A" D0,
then repeated applications of this principal gives

Il
—

rk(A) = rk(A%)
k(A /AY) + 1k(AY)
k(A% /AY) + k(A JA?) + rk(A?)

= tk(A°/AY) + k(A /A?) + rk(A%/A3) + rk(A3)

Continuing in this manner, one concludes that

n n

rk(A) = rk(AY/AT) = "1k (gr,(A)) (23)

i=0 i=0
This motivates the following definition.

Definition 11. Let A = ®A,, be a graded abelian group such that each A, is finitely generated. The Poincaré
series attached to A is defined as the formal power series

P(At) == rk(A,)t".
n=0
The Euler characteristic of A is defined as
o0
X(A) = P(A,—1) = Y (~1)"rk(4,)
n=0

whenever this series converges.

Remark. If E = @EP? is a bigraded abelian group, we extend the definition of Poincaré series and Euler
characteristic as follows:

P(E,t) := i(—l)”rk( b EW) and Y (E) = P(E,—1).
n=0 pt+g=n

Example. If A = H,(X) is the singular homology of a space X, then we recover the usual definition of the
Euler characteristic of a topological space.

Example. Let A = Q[z], then A,, = Qz™ as rank 1. Therefore

o0

PA) =) t"=—

o 1-t¢

However, the sum P(A, —1) does not converge, though one could facetiously say that x(Q[z]) = 1/2.

Usually, we will be interested in computing the Euler characteristic of differential graded groups. This extra
structure is essential for our computations. The key observation in this regard is the following lemma.

Lemma 10. Let A = ®A, be a graded abelian group with a differential 6 : A — A. Then
x(4) = x(H"(A)).

Proof. For each n > 1, the differential 6™ : A,, — A, 11 induces an isomorphism A,/ ker §” = im ¢™. Since the
rank is additive, then
rk(A4,) = rk(ker ") + rk(im ™).

Furthermore, H™(A) = ker 6" /im 6”1, so
rk(ker ") = rk(H™(A)) + rk(im 6" 1)
If we plug this into the the first equation, we get
tk(A,) = rk(H™(A)) + rk(im ") 4 rk(im ™).
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Therefore

oo

X(A) = (=1)"rk(4,)

n=0

= Z(—l)" (rk(H™(A)) + rk(im 6"~ ") + rk(im 6™))
n=0

= X(H*(A)) + > (=1)" (rk(im 6"~ ") 4 rk(im 6™))
n=0

= x(H"(A))
since the left over series is telescopic. O

This Lemma gives us a way to compute x(A4) using spectral sequences as follows. Suppose we have an
admissible group A and thus a spectral sequence E = (EP?) converging to H*(A). Fix a positive integer n.
Since the spectral sequence is 1st quadrant, then we know that the filtration on H™(A) is finite and of the form

H"(A) D H"(A)'D---DH"(A)" 20

)

and the convergence of the spectral sequence tells us that

ELP = gr(H"(A))p.

Thus equation (23) implies

n n

k(@D BR) = DO rk(EL ) = 3 wk(gr(H"(A)),) = xk(H"(4))

pt+g=n p=0 p=0
and thus

X(A) = X(H(4)) = 32 (1" k(H"(4)) = 3 (1) k(@D BL7) = x(Ex)

n=0 n=0 p+qg=n

where F is the bigraded abelian group ®, qezE%?. Furthermore, since the spectral sequence is 1st quadrant,
then we know that EP9 = EP-9 for r sufficiently large, thus

r>max{p,q+1} = x(E;)=x(Er1) =" =x(Ex) = x(4).
We record this result.

Proposition 11. Let A be an admissible group. Let E = (EP?) be a 1st quadrant spectral sequence converging
to H*(A). Then

Miscellaneous

Proposition 12. Let M be an R-module. Suppose that M = My, My, Ms, ... is a sequence of succesive sub-
quotients, that is Myy1 is a subquotient of M,,. Then there exist two sequences Bi,Bs,... and Z1,Zs,... of
submodules of M such that

(i) BC By C B3 C---,
(“) Z1:_>ZQ:_>Z3§...}
(iii) B; € Zj for any i,j >0,
(iv) M; = Z;/B;.

Proof. Since M, is a subquotient of M, then there are submodules, say By and Zy, of M such that B; C Z;
and My = Z;/B;. Next, since M is a subquotient of M, there exists submodules Z5, Bf C M; such that
M,y = Z4,/BS. By the Correspondence Theorem, these two correspond to submodules Zs and By of Z; that
contain Bl, ie. Zé = ZQ/Bl, Bé = BQ/Bl and Mg = Zé/Bé = (ZQ/Bl)/(BQ/Bl) = ZQ/BQ. Thus we have

BiCByCZyCZyCM and M, =2Zy/By, My=2Zy/Bs.

Continuing in this manner, we obtain the proposition. O
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Lemma 13. Suppose we have a commutative diagram of abelian groups

c
/ J¢%
PIRSENY SRNYT

whose bottom row is exact. Then n induces an isomorphism img/im¢’ - ima.
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