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Chapter 1

Azumaya Algebras

Throughout this chapter we fix the following notation:
e R is a commutative Noetherian local ring with (unique) maximal ideal m and residue field by k := R/m.
e A is a unital ring, not necessarily commutative, with the structure of an R-algebra.

e X = (X,Ox) is a locally noetherian scheme. That is, there exists an open cover X = (J;.; U; such that
U; = SpecA;, as schemes, where each A; is a noetherian ring.

e A is an Ox-algebra, that is, it is a sheaf of abelian groups such that for each open subset U C X, the
abelian group A(U) is an Ox (U)-algebra whose structure homomorphism is compatible with the sheaf
structure of A and Ox.

In this chapter we describe Azumaya algebras. These can be defined over local rings and then generalized
to schemes through the local version.

1.1 Azumaya Algebras over Local Rings

The definition of Azumaya algebras over a local base ring R is slightly easier than when R is not local (more
precisely, a module being locally free is much easier to verify when R is a noetherian local domain, cf. Proposition
A.9). We will use the following definition:

Definition. We say that A is an Azumaya algebra over R if
(i) Ais a free R-module of finite rank,

(it) The map
Va/g: A®R A — Endpmoda(A) defined by a®a’ — (x+— aza’) (1.1)

is an R-algebra isomorphism.
We recall some basic properties of Azumaya algebras that we will require later.
Proposition 1.1. Let A be an R algebra.
(a) Suppose R = K is a field, then:

A is an Azumaya algebra over K <= A is a finite dimensional, central simple algebra over K.

(b) Let R’ be a local (commutative) R-algebra. Then

Ais an Azumaya algebra over R = A ®pg R is an Azumaya algebra over R’.

(c) Suppose that A is a free R-module of finite rank, then

A®p R/mis an Azumaya algebra over R/m = A s an Azumaya algebra over R.

Proof.

(a) Being a free K-module of finite rank is equivalent to being a finite dimensional K-vector space, so the
content of this proposition is showing that condition (ii) of being an Azumaya algebra over K is equivalent
to being central and simple.



(=)

Let A be Azumaya over K. First we extend {1} C A to a basis {1 = ay,...,a,} of A over K and let
X1, -+, Xn € Endg(A) be defined on the basis elements as

Xi(a;) = 0;; = the Kronecker delta function.
Next, let z € Z(A), which can be written in the form z = ryay + - - - + rpa, with r; € K. Then
z=1-z=x1(1) - 2. (1.2)

Since A is Azumaya over K, then the map V4, i defined in (1.1) is a K-algebra isomorphism. Thus

B Zbi(g)CiGA@AOP such that WA/K(Zbi(gci)Xl

i=1 i=1

m
x1(a) = Z b;ac; Va € A.
i=1
Thus, since z € Z(A), we have
x1(az) = Z b;azc; = Z biaciz = x1(a)z Ve € A.
i=1 i=1

Using this identity with a = a; = 1 in (1.2) gives:

z=xi(z=xi(1-2) = xi(z) = xa (Z ) =Y rib=r €K
=1

i=1

This proves that Z(A) C K. The other inclusion is trivial because K is commutative. We have
shown that A is central.

Next, let I < A be a two-sided ideal and x € I. Observe that
x1(z) = Zbixci el
i=1

since I is two-sided. This shows that x1(I) C I; of course this argument works for any endomorphism,
that is:
X()CT ¥y € EBndg(A), (1.3)

since every endomorphism is “multiplication” by an element of A® A°P. Now, if we write z = > r;a;,
with r; € K, then each coefficient satisfies:

r; = Znﬁij =Xy (Z Tiai> = x;(2).

=1 i=1

The LHS is an element of K while the RHS is an element of I by (1.3). Therefore r; € K NI which
is an ideal of K. Since K is a field, then /TN K =0 or I N K = K. In the first case, we have that
ry=---=1r, =0 and so x = 0; that is I = 0. In the second case, we would have 1e K =INK C 1T
and hence I = A. This proves that A is simple.

A well-known property of central simple algebras states that if A is central simple, then both A°P
and A ® A°P are central simple K-algebras (any text on central simple algebras over a field will
contain this result, see for example Proposition 2.36 of Chapter II of [Kna07]). This implies that the
K-algebra (i.e. K-linear) map

\IIA/K cAQg AP — EHdK(A)

has trivial kernel, since the kernel is always a two-sided ideal and the map is nonzero since 1 ® 1
maps to the identity map. Finally, the map is an isomorphism because of the following dimension
count:

dimg (A ® A°P) = dimg (A)* = dimg (Mat,xn(A)) = dimg (Endg (A4))

where these dimensions are finite. This shows that A is an Azumaya algebra over K.



(b) First, we tensor the map W, with idr/ to get
(Va/r ®idgr) : (AQg A°P?) ®g R' — Endg(A) ®r R’
We also have the map
Vagr/r i (A®r R') QR (A®r R')°® — Endr (A®g R')
We will see that they fit in the following diagram:

U 4 p®id g
(A®p AP) @5 R/ /2 n Endp(A) ®p R

l‘“ lﬁ (1.4)

\Il ’ ’
(A Qr R/) Qg (A ®r R/)Op A®R'/R Ende (A QR R/)

The left vertical arrow is a canonical isomorphism obtained by
(ARr AP)@r R 2 A®p (A* ®r R') 2 A®r (R @ (A ®@r R')) 2 (A®r R') @p (A®gr R')°P
The right vertical arrow is the R’-algebra homomorphism
B:Endr(A) ®p R — Endgr/ (A®gr R') defined by ¢ ® 1p — p @ idgs

and this map is an isomorphism whenever A is a free R-module by Proposition A.7, which occurs in our
case since A is Azumaya over R by assumption.

The diagram (1.4) commutes. We can check this on the simple tensors of the form (¢ ® o) ® 1’ €
(A ®pr A°) ®r R’ since these generate the whole algebra. A straightforward computation, using the
formula for 5 from Proposition A.7 yields

/

(a@d)@71" (z—azd)®@r

| !

Ma®l)® (@ ®1) — ((z@r)=»r(a@l)(z@r)(d @1)=1(azd @r))

Finally, since A is Azumaya over R, then W,/ is an isomorphism by assumption so the commutativity
of the diagram implies that ¥ 4,z ® idg/ is an isomorphism as well.

(¢) By setting R' = R/m =k in (1.4) we obtain

(A®R AP) ®g k a/nBide Endg(A) @ k

l’l lﬁ (1.5)

4 k/k
(ARp k) @) (A®R k)P AGk/ Endy (A ®p k)

By assumption, the bottom horizontal arrow is an isomorphism so the top horizontal arrow is an isomor-
phism as well. Furthermore, A is a free R-module of finite rank so that Endg(A) is also a free R-module
of finite rank. This means we can apply Proposition A.5 an conclude that W4, is an isomorphism.

O

1.2 Azumaya Algebras over Schemes

We begin by extending the definition of Azumaya Algebra to schemes in the same way most commutative
algebra constructions are extended to schemes.

Definition 1. Let A be an Ox-algebra. We say that A is an Azumaya Algebra over X if
(1.i) A is coherent as an Ox-module,
(1.ii) For every closed point = of X, the stalk A, is an Azumaya algebra over the local ring Ox ;.

Remarks 1.2. (about Azumaya algebras over a scheme)



(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

We may drop the requirement that € X be a closed point in condition (1.ii). That is:

A, is Azumaya over Ox , for all closed pointsz € X <= A, is Azumaya over Ox , Vz € X.

Proof. Let * € X be any point, and choose an open affine neighborhood U = SpecB of x for which
Aly = M for some B-module M. If z corresponds to a prime ideal p C B, then A, = M,. Next, choose a
maximal ideal q containing p so that the localization map By — (Bg)pr, = By (cf. Proposition A.1)makes
B, into a Bg-algebra. If y is the closed point of X that corresponds to g, then condition (1.ii) tells us
that A, = M, is an Azumaya algebra over Ox , = B,. However, since

Mprp(X)BMg(BP@Bq BCI)®BM2BD®BEI (Bq®BM)gBP®Bq Mq

then M, = A, is Azumaya over B, = Ox , by Proposition 1.1.(c). O

Any Azumaya algebra A over a scheme X is a locally free Ox-module. This follows immediately from
Proposition A.16.(ii).

Given any Azumaya algebra A over X, we get a canonical O x-algebra homomorphism
V:A®oy AP — Endy, (A) (1.6)

in the following manner:

For every open subset U C X, we can define the map
bu + A(U) @o ) AU)™ — Endo | (Alp)
as follows: given an elementary tensor s ® s’ € A(U) ® A(U)°P, we define the morphism of Ox-algebras
Yu(s®s): Ay — Aly with ¢Yp(s®s)(V): Alg(V) = Alp(V) defined as z+— sly - x - §'|v

where V' C U and then we extend the definition of ¥y to every element of A(U) ®o @) A(U)P by
linearity. It is straightforward to check that ¢y (s ® s) is indeed a morphism of Ox-algebras and that
the maps ¢y define a presheaf homomorphism between the presheaf §: U — A(U) ®o (1) A(U)°P and
the sheaf Endy,, (A). By passing to the sheafification of §, we obtain the map in (1.6); it is then also
straightforward to check that this map is an Ox-algebra homomorphism.

The canonical Ox-algebra homomorphism in (1.6) induces the map (1.1) at the level of stalks. More
precisely: for every x € X, the map in (1.6) induces the map on stalks:

¥, : (A®o, A%®); — (Endy (A))x
However, we have natural isomorphisms
(A®oyx AP) 2 Ay ®oy, AP and  (Endy, (A))z = Endoy , (Az)
by Proposition A.12, and hence we get the an Ox ,-algebra homomorphism
W, i Ay @0y, A% — Endoy,(A,) defined by 5] @ [s/] - (] > [s][y][s')

where the formula follows from the definition of ¥ from above.

The definition of Azumaya algebra can be characterized in several ways. It is useful to relate the definition
of Azumaya algebra over a scheme to the theory of Azumaya algebras over local rings and to the classical theory
of central simple algebras over fields. Below, we show two other equivalent definitions of Azumaya algebras over
a scheme that reflect these two theories respectively.

Theorem 1.3. Let X be a scheme and let A be a coherent Ox-module. The following are equivalent:

1.
2.

3.

A is an Azumaya algebra over X,

A is a locally free Ox-module and A, @ k(x) is a central simple algebra over the residue field k(x) of x,
for any point x in X.

A is a locally free Ox-module and the canonical homomorphism
A®oy A? — Endy, (A)

is an isomorphism.



Proof. We will prove separately that (1) <= (2) and (1) <= (3).
(1)=(2) By Remark (1.2.2) we have that A is a locally free O x-module. By assumption, for any point z in X, we
have that A, is an Azumaya algebra over Ox ., so Proposition 1.1.(b) implies that

Az ® k(1) = Ap ®oy, (Ox,o/Mx )

is an Azumaya algebra over k(z), which is a field, and hence it is a central simple algebra over k(x) by
Proposition 1.1.(a).

(2)==(1) Let = € X be a closed point. By Proposition 1.1.(a), our assumption on A, ® x(z) implies that A, ® k(x)
is an Azumaya algebra over x(x). Next, we want to apply Proposition 1.1.(c) to A, ® k() to conclude
that A, is Azumaya over Ox . We can do this because A is locally free by assumption, so that A, is a
free Ox z-module by Proposition A.16.(ii) and has finite rank since A is coherent by definition. Thus we
may apply Proposition 1.1.(c) and we conclude that 4 is Azumaya over X.

(1) <= (3) By Remark (1.2.2) we have that A is a locally free Ox-module. So by definition, we have that A, is an
Azumaya algebra over Ox , for every x € X if and only if the map

Az @0y, A — BEndoy , (As)  defined by  [s] @ [s'] = ([y] = [s][y][5'])

is an isomorphism. However, Remark (1.2.4) tells us that this map is the one induced on stalks from the

canonical map
V:A®oy AP — Endy, (A)

from (1.6). Since scheme homomorphisms are isomorphisms if and only if they are isomorphisms at the
level of sheaves, the required equivalence follows.

O

Example 1.4. Let X be a neotherian affine scheme with X = SpecR and let A be an Azumaya algebra over
X. Since A is coherent and locally free, then A(X) = A for some free R-module A. Since A is Azumaya over
X, then A ® A° = End(.A) hence, taking global sections, we have A ® g A°® = Endg(A). Thus an Azumaya

algebra A over the affine scheme SpecR is equivalent to an Azumaya algebra A over R where A = A.

1.3 The Brauer Group of a Scheme

We define the notion Brauer equivalence of Azumaya algebras over a scheme X in a similar way to how it is
done for central simple algebras.

Definition 2. Let A and A’ be two Azumaya algebras over a scheme X. We say that A is Brauer equivalent
to A’, denoted by A ~ A’, if there exist locally free Ox-modules & and & over X such that

Aoy Endo (€)= A ©oy Endo(€)

Remark 1.5. Of course, Brauer equivalence is an equivalence relation. Reflexivity is shown taking & = & =
Ox which is clearly a locally free Ox-module; symmetry follows from the fact that the definition of Brauer
equivalence is inherently symmetric. For transitivity, suppose A ~ A’ and A’ ~ A" via

Aoy, Endo, (€)= A ©oy, Endo, (&) and A ®o, Endo, (£") = A" @0, Endo, (€)

respectively. Now, since each &) is locally free of finite rank, Proposition A.16 tells us that each stalk Eg), for
r € X, is a free Ox z-module of finite rank. Thus Proposition A.12 applies to get

End@x,z (8;2) ®OX,(1‘, 8’(tj)) = End@x,m (Egcl)) ®OX,m Endox,m (Eg))
at the level of stalks. Hence*

Endp, (E%) @0, Endy, (€Y)) 2 End, (W @0, EV)). (1.7)

*Error: having isomorphic stalks does not mean that two sheaves are isomorphic; one must construct the sheaf morphism and
then verify that this morphism is an isomorphism on the stalks.



Notice that Eg) R0y ., 8&” is a free Ox z-module for every z € X and hence e R0y & is a locally free
Ox-module so it is a valid choice for showing Brauer equivalence between A ~ A" and in general between any
two Azumaya algebras over X. Finally, we have

A®End(€ ® &") 2 A® (End(€) ® End(E"))
=~ (A® (End(€)) ® End(€")
>~ (A’ ®End(¢")) ® End(€")

(A’ @ End(€")) @ End(€")

(A” @ End(€")) @ End(€")

~ A" @ End(8" ® &),

1

1

and thus A ~ A",

Definition 3. Let X be a scheme. Then the set of equivalence classes of Azumaya algebras over X is denoted
by Br(X). Given two elements [A], [A'] € Br(X), we define

[A]- [A] = [A@ox AT (1.8)

Remark 1.6. The operation - defined above is well-defined. Indeed, if A and A’ are Azumaya algebras, then
for every x € X, we have

(A®ox Az ®ox,, K(T) = (A R0y, Az) ®ox,, K(2), by Proposition A.12.(i),
> (A, @0y, K@) Doy, (A, ®oy., k().

In other words, (A®oy A')z ®oy ., k(2) is a tensor product of central simple algebras over x(z). It is well known
that these are again central simple algebras over k(x) (see for example [Kna07, Proposition 2.36 of Chapter
11, §7]) and thus by Theorem 1.3 we have that A ® A’ is again an Azumaya algebra over X. This means that
[A® A'] is an element of Br(X).

Next, to finish proving that the operation is well-defined, we must show that if A ~ B and A’ ~ B’, then
A® A ~ B ® B Indeed, if

A®End(€) 2B ®End(&') and A ®End(€”) =B @ End(&"”)

then we have

(A A)® (End(€®¢&")) =2 (Ao A') @ (End(€) ® End(€"”)) by (1
A®End(8)) ® (A ®End(&"))
B®End(&')) ® (B’ @ End(€")) since A~ B, A" ~ B’
B®B')® (End(&') ® End(E"))

~ (B®B')® (End(¢' ® €")) by (1.7),

A A ~B @B

We conclude that the operation defined in (1.8) is well-defined.

1%

l
!

IR
~~ o~~~

1%

Proposition 1.7. The set Br(X) with the operation defined in (1.8) is an abelian group with identity element
[Ox] and inverses [A]~! = [A°P].

Proof. The operation is associative and commutative because the tensor product is associative and commutative
(up to unique isomorphism). The trivial Ox-module Ox is the identity because FROx = F for any Ox-module
JF. Finally, by Theorem 1.3 we have that

[A] - [A%P] = [A®oy A?P] = [Endo, (A)]. (1.9)
However, since
Ox © Bnd(A) = End(A) ® Ox = End(A) ® End(Ox)
and A is locally free, we may take &€ = A and & = Ox to conclude that Ox ~ End(.A) and thus (1.9) reduces
o [A] - [A°P] = [Ox] as required. O

Proposition 1.8. The Brauer group defines a contravariant functor from the category of noetherian schemes
to the category of abelian groups as follows:

Br(x) W Br(Y)>

X = Br(X) and (v -5 x
B ( _’)H<[AHWA

where f*A is the inverse image of A.



Proof. First we show that Br(f) is well-defined. We show that f*A is an Azumaya algebra over Y so [f*A]
makes sense and then we show that Br(f) is independent of the choice of representative.

Suppose that A is an Azumaya algebra over X. Since A is coherent, then f*A is coherent because both X
and Y are noetherian (see Proposition 5.8 of Chapter II of [Har77]). Furthermore, by Corollary A.13 we have
that for any y € Y

(f*A)y = Af(y) QOx, ¢ OY,y'

Notice that Ay, is Azumaya over Ox ¢, by assumption. So Proposition 1.1.(b) implies that (f*A), is
Azumaya over Oy, and thus f*A is Azumaya over Y. Observe that this argument, together with Proposition
A.16.(i), proves:

€ is a locally free Ox-module = [*& is a locally free Oy-module.

Next, suppose that A ~ A" as Azumaya algebras over X. Then there exist locally free O x-modules & and
&’ such that

A ®ox mox (8) = A ®ox mox (8/)

Now, both the tensor product and the Hom functor commute with the pullback functor of a sheaf (cf. Corollary
A.15), so

[ (A®o, Homg  (€,€)) = f*A®o, [*Homey, (€,€) = [*A®0, Home, (f*€, f7E)

and analogously for A’ and &’. Putting these isomorphisms together yields
frA®o, Endop, (f7€) = f* (A®oy Endp, (€)) = f* (A @0y Endp, (&) = f* A" @0, Endy, (f7€)

and hence f*A ~ f*A’ as required.
Finally, since f* is a contravariant functor from the category of Ox-modules to the category of Oy-modules,
then Br(—) is functorial. Indeed:

Br(ldx)([.A ) = [ld}fu = [ldx.A] = [.A] - Bl"(idx) = idBr(X)
Br(fog)([A]) =[(fog)"Al = [¢g" f*A] = Br(g)([f*A]) = Br(9)Br(f)([A]) == Br(f og) = Br(g)Br(f).

O



Chapter 2

The Brauer Group of an Affine Scheme

In this chapter, we will describe the Brauer group of X as a subgroup of the Brauer group of its field of fractions.
Throughout this chapter, we fix the following notation, though we will regularly add more requirements when
needed.

e R is an integral domain.
e K is the fraction field of R and we view R as a subring of K.

e X = SpecR and Y = SpecK. The inclusion R — K gives us a morphism ¢ : Y — X.

It is well known that the category of coherent O x-modules is equivalent to the category of finitely generated
R = Ox(X)-modules via M +— M with inverse F — I'(X, ), the “global sections” functor (see for example
Corollary 5.5 in Chapter II of [Har77]). Thus, if A is an Azumaya algebra over X, then A = A for some
Azumaya algebra A over R. Furthermore, under the functor Br(—) we have

Br(:) : Br(X) — Br(Y) with [A] = [A] — [*A] = [A ®g K]
and thus we obtain the classical group homomorphism
Br(R) — Br(K) defined by [4] — [A®g K].

It is worth remarking what Brauer equivalence looks like the affine case. More specifically, the proof of Proposi-
tion 1.7, tells us that [A] is the trivial class in Br(X) if and only if A 2 End(€&) for some locally free O x-module
€ on X. Thus, if we are able to find a finitely generated R-module M which is also locally free, i.e. M, is
a free R,-module for every prime ideal p C R, for which A = Endr(M) as R-algebras, then we would have
that A = End(M). This follows from the fact that the functor M — M is fully faithful and hence then
Endg(M) = Ende, (M).

In conclusion, we have that if A = g, then

[A]=0€Br(R) <= A~Endg(M) for some finitely generated R-module that is locally free.  (2.1)

We now restrict our attention to this setting.
The main goal of this section is to prove the following theorem only for rings of dimension 1.

Theorem 2.1. Let R be a noetherian integral domain that is integrally closed in its fraction field. Then the
map Br(R) — Br(K) is injective.

The proof will require a close look at the properties of Azumayas algebras A as R-subalgebras of A ®p K.
More precisely, Azumaya algebras are maximal R-orders in A ® p K and this maximality is what will allow us
to compute the triviality of the Brauer class [A] by embedding A into an endomorphism ring.

We will require the study of lattices and orders inside R-algebras that need not be commutative. This
nonabelian case slightly complicates the classical computations of orders in commutative algebras such as
number fields. After setting up the necessary theory of orders, we will be in a position to prove Theorem 2.1.

2.1 Lattices

In addition to the notation established at the beginning of the chapter, let V' be a finite dimensional K-vector
space. In particular, V' is an R-module via restriction of scalars.



Definition 4. Let A be an R-submodule of V. We say that A is an R-lattice if it satisfies
(i) A contains a K-basis of V/,
(#) There exists a finitely generated R-submodule A’ of V such that A C A’

Remark 2.2. Condition (4i) allows for an R-lattice A to not be finitely generated as an R-module. Though
most of the lattices we will study will in fact be finitely generated themselves.

Examples 2.3. (of R-lattices)

1. Let A be a free R-module of rank equal to dimg (V). We can embed A into V' by mapping a free generating
set of A onto a basis. It is clear that the image of A is an R-lattice.

2. Let M be a finitely generated torsion-free R-module, then M is an R-lattice in K @ M.

Proof. Since M is torsion-free, by definition, the localization map M — S™'M = K ®gr M, where
S = R\ {0}, is injective. So we identify m € M with 1@ m € K ® g M. Now, if mq,..., m,, generate M
over R, then 1 ® my,...,1 ® m,, generate K ®r M over K. Indeed, if t ® m € K ® g M is any simple
tensor, there exist rq,...,7, € R such that m =rymqy + --- + r,m, and hence

TOMm=18 (Z rimi) = Zx ® (rim;) Z(mri)(l ®m;).

Since M contains {1 ® mq,...,1 ® m,}, which in turn contains a K-basis of K ® g M, then M satisfies
property (7). Since M is itself finitely generated, it immediately satisfies property (ii). O

3. If A is an R-lattice in V, then Endpr(A) is an R-lattice in Endg (V). See Proposition 2.6 below.

4. (from Number Theory) Let R be an integrally closed noetherian domain and L/K a finite separable
extension. Then the integral closure S of R in L is an R-lattice in L.

Since lattices need not be finitely generated R-modules, it is useful to characterize them in terms of nicer
R-modules.

Proposition 2.4. Let A be an R-submodule of V.. Then, the following are equivalent:
(i) A is an R-lattice of V.
(ii) There exist free R-submodules Fy and Fy of V' such that

F, CACF, and rtk(F))=rk(Fy)=dimgV

Proof.
(1) = (i) Let {v1,...,vn} C A be a K-basis of V. Then

F1 = éR’Ui QA

i=1
since A is an R-submodule of K. Clearly, F is free of rank n = dimg V. Next, we construct F.

Since A is contained in some finitely generated R-submodule N of V there are elements z1,..., T, €
N C V that generate N over R. Since each x; € V, we may express it as a K-linear combination of the
above basis. More precisely, since K is the fraction field of R, then for every j = 1,...,m we may write

T = Z Tid yy with rij € R, sij € R\ {0}.

S;
i=1 U

So if we multiply all the denominators, say s = [[,; s;; € R\ {0}, and define

Fy:=s'F = @R

then by construction x; € F5 for all ¢ so that NV C F5 and hence A C F5 as required.

10



(#9) = (i) Suppose that A is between two free R-submodules of V', both of rank n = dimg (V'). The second property
of being an R-lattice is automatic by taking A’ = F;. Now, since Fj is free, then

KFi=KpF1 2K®rR"2(K®rR)" = K".

So KF; is an n-dimensional vector space so it contains a K-basis, say {z1,...,z,}. Then, each z; may be
written as x; = k; f; with k; € K and f; € Fy. Notice that k; # 0 since otherwise {z1,...,z,} wouldn’t
be linearly independent. In particular, the set {k; TR k- 'x,} C Fy C A is linearly independent in V/
and hence a K-basis. This shows that A is an R-lattice.

O

Next, we study an important class of lattices called reflexive lattices. These are modules that are isomorphic
to their double dual module. This property is key in proving that Br(R) embeds into Br(K). First,

Definition 5. Let V and V' be vector spaces over K. Let A and A’ be R-lattices in V' and V' respectively.
The lattice quotient of A and A’ is the R-module:

(M A) = {f € Home(V, V') | f(A) C A},
Remarks 2.5. (about lattice quotients)
1. The lattice quotient satisfies the following inclusion property:
A1 CAy and A CA, = (A]:A) C(AS:Ay).

In fact, this explains the “ratio” notation since the classical ratio = : y of two numbers becomes larger if
x (resp. y) is replaced by a larger (resp. smaller) number.

Proof. Tf f € (A} : Ay), then f(A) € f(Ay) € A} C A, m

2. The restriction map is an R-module isomorphism:
(N : A) =5 Hompg(A,A") defined by f s f|a.
Hence we will identify (A’ : A) with Hompg(A, A').
Proof. Notice that if f € (A’ : A), then by definition, the image of f|x lies in A’. Furthermore, since f is
K-linear, it is R linear and hence f|;, € Hompg(A, A’). It is clearly an R-module homomorphism. Next, if

fla =0, then f|a is zero on the K-basis contained in A and hence f = 0 as an element of Homg (V, V’);
this shows that the restriction map is injective. Finally, if f € Hompg (A, A’), then tensoring with K yields

idg®@f: KQr A — K®gA.

Since A is an R-submodule of V', a K-vector space, it is torsion free and hence embeds into K @ g A. By
the functoriality of tensoring with K, we have the commutative diagram:

A‘—>K®RA

lf J/idK®f

N —— Kep /N

Since the canonical homomorphism A < K ® g A is just multiplication by K, we have K g A = KA =V
so we may view idg ® f € Homg (V,V’). On the other hand (idx ® f)|s is just the composition of the
top arrow with the right arrow, so by commutativity of the diagram (idg ® f)|a = f and we conclude
that the restriction map is is surjective. O

3. Let S be a multiplicative subset of R. Since K is the fraction field of R, we view the localization S™'R

as a subring of K. Then
STHA :A) = (ST STIA)
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Proof. Let f/s € STY(A’: A). Then for every A/t € ST1A we have

(P10 = Lrvn = Loy e s

since f(\) € A’. This shows that f/s € (ST'A’ : S71A) Conversely, let f € (S7'A’ : S7!A), then for a

generating set {A1,..., A, } of some finitely generated R-submodule M of V' containing A, we have that

f(\i/1) € STY(A) for every i = 1,...,n, so there exists \; € A’ and s; € S such that f(\;/1) = \./s.. If

we define s = s1---sp, then (sf)(\;) € RA’ = A’ and hence sf € (A’ : A) so that f = sf/s € ST}HA':

A). O
The reason (A’ : A) is called the quotient lattice is because it is one.

Proposition 2.6. Let V and V' be vector spaces over K. Let A and A’ be R-lattices in V and V' respectively.
Then
(A" : A) = Hompg (A, A") is an R-lattice in Homg (V, V).

Proof. First we prove the case when A and A’ are free R-lattices and then use Proposition 2.4 to finish the proof.
Under this strong assumption we have that (A’ : A) = Hompg(A, A’) is a free R-module and hence flat, which
means that tensoring the inclusion R — K with Hompg(A, A’) preserves injectivity. Thus, after an application
of Proposition A.7, we obtain the embedding

Hompg(A,A') 2 R®p Hompg(A,A') — K @z Homp(A, A") 2 Homg (K ®g A, K ®p A') = Homg (V, V).
Since Hompg(A, A’) is free of rank
tk(A) x tk(A) = dimg (V) dimg (V') = dimg (Homg (V, V).

By taking F; = F5 = Hompg(A, A’) in Proposition 2.4, Homp(A, A’) is an R-lattice.
Next, we relax the freeness assumption on A and A’. By Proposition 2.4, there are free R-submodules
Fy,F, CV and F{, F, C V' such that

Fy CACFE, and rk(Fy) =r1k(Fy) = dimg V,
F{CAN CF) and rk(F))=r1k(Fy) =dimg V'.
Thus by the inclusion properties of the quotient lattice (see Remark 2.5.1) we have
(F{:F2) C (A A) C(Fy: F).

By the previous part, we saw that (Fy : F») and (F} : F1) are both free R-lattices of rank dimg (Homg (V, V")),
then we can use Proposition 2.4 again to conclude that (A’ : A) is an R-lattice.
O

Example 2.7. (Dual lattice) If we set V' = K and A’ = R, then
(R:A) =Hompg(A, R) = A*
So the dual module of A is a quotient lattice. In particular,
A* is an R-lattice in the vector space dual V'*.

Example 2.8. (Double-Dual lattice) If we set V/ = V* and A’ = A*, which we can do by the previous example,
then
(R:A") = (R:Homg(A, R)) = Homg(Hompg(A, R), R) = A™*

So the double dual module of A is a quotient lattice and
A** is an R-lattice in the vector space double dual V**.

Next we study reflexive lattices. These are those that are isomorphic to their double dual module. Analo-
gously as in the case of vector spaces, we have the R-module homomorphism:

A< A* defined by A (f — f(N)

By the functoriality of the hom functor, we obtain the commutative diagram

A — A

[

Vo v

where the vertical arrows are the inclusions of lattices into their ambient vector spaces and the bottom arrow
is the canonical isomorphism. By commutativity, the top arrow is injective.
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Definition 6. Let A be an R-lattice in V. Then A is reflexive if the canonical embedding A — A** is an
isomorphism.

The main reason we are interested in reflexive lattices is that in some cases, reflexive lattices are projective
and hence give us candidates for showing that Azumaya algebras have trivial Brauer class. More precisely we
have a theorem due to Auslander and Goldman:

Theorem 2.9. Let R a neotherian reqular domain with fraction field K. Let A an R-lattice in some K -vector
space V. Then

A is reflexive and Endr(A) is a projective R-module = A is a projective R-module.

While the proof of this theorem lies outside of the scope of these notes, we can prove a weaker version that
replaces the condition on Endg(A) with a restriction on the dimension of R.

Theorem 2.10. Let R be a regular noetherian domain of Krull dimension dim R < 1. Let A be an R-lattice in
V' that is also finitely generated as an R-module. Then

A is reflerive = A is projective.
Proof. We separate the proof into three cases, one for each possible dimension.
(dim R = 0) Dimension zero rings are fields. Thus, A is automatically free and hence projective.

(dim R = 1) By the characterization of finitely generated projective modules, cf. Proposition A.9, we must show that
A is finitely presented and that A, is a free Ry,-module for every maximal ideal m of R. The former
property follows immediately from our assumptions that R is noetherian and A is finitely generated (see
Remark A.10).

To show that Ay, is free, we will apply the structure theorem of finitely generated modules over a
PID. To do this we must verify that Ay, is finitely generated, torsion-free and that R, is a PID. The
first two properties are easy to verify. Since A is finitely generated as an R-module, then Ay, is finitely
generated as an Ry-module; just tensor the exact sequence R™ — A — 0 with the flat R-module Ry, to
get an epimorphism R}, — Ap,. Next, since A is torsion-free as an R-module (it is contained in a K-vector
space), then Ay, is torsion-free as an Ry-module as it is also contained in the same K-vector space as A.
Thus, if Ry, is a PID, then we may apply the structure theorem of finitely generated torsion-free modules
over a PID and conclude that A, is a free R,-module as required.

The last step in this proof is to show that Ry, is a PID. Since R is a regular noetherian domain, then
Ry, is a regular noetherian local ring by definition. Now, dim R, = htm < dim R = 1 by definition. Since
m is maximal and R is a not a field, then htm = 1. Thus R, is a regular local domain of dimension 1.
This is equivalent to being a PID by Proposition A.3. This completes the proof.

O

2.2 Orders

Definition 7. Let A be a K-algebra that is finite dimensional as a K-vector space. Then O C A is called an
R-order if it satisfies

(i) O is an R-subalgebra of A,
(i) O is an R-lattice of A.

Theorem 2.11. Let R be a noetherian integrally closed domain and K its field of fractions. Let A be a central
simple algebra over K. Let O C A be an R-subalgebra of A such that KO = A. Then

O is an R-order of A <= O/R is an integral extension.

Proof. We prove a double implication:

(=) Let a € O. We want to show that « is integral over R. By definition of lattice, there is a finitely generated
R-submodule O’ of A such that O C O'; in particular, R[a] C O’. This means that the multiplication
map r — azx is an R-linear endomorphism ¢ of @ and hence by Cayley-Hamilton must satisfy a monic
equation:

¢n+7“n717/)n_1+"'+7'11/)+7’0 (TZ‘GR).

Applying both sides of this equation to 1 € O yields an integral dependence equation for a.
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(«<=) Since O is already an R-subalgebra of A by assumption (and hence an R-submodule), we must show that
O is an R-lattice of A. We prove each property separately:

(i) Let {a1,...,a,} C Abea K-basis of A. Since KO = A by assumption, then there exist i, ..., 1, €
K and Aq,..., A\, € O such that a; = p;\;. It is clear that each p; # 0 so that {\q,..., A, } is also a
K-basis of A and it is contained in O.

(#) See Lemma 11.3.2 of [Forl7].
O

Finally, we finish the section by putting everything together and applying the theory of R-orders to Azumaya
algebras over R.

Theorem 2.12. Let R be an integrally closed domain and let A an Azumaya algebra over R. Then A is a
mazimal R-order in A Qr K.

Proof. For simplicity, we write B := A ®g K, which is an R-algebra. Since A is an Azumaya algebra, it
is a finitely generated flat R-module. Thus tensoring with A over R embeds A into B as an R-lattice by
Example 2.3.2. Since A is itself an R-algebra, then A is an R-order in B; as in Example 2.3.2 we also make the
identification B = AK and view A as a subalgebra of B. We recall the fact that B is a central simple algebra
over K by virtue of A being an Azumaya algebra over R (see Proposition 1.1.(a)) and hence Z(B) = K.

Next, let O C B be an R-order that contains A and consider the centralizer of A in O, i.e.

Z:=Zp(A)={2€0|za=az, Yac A} CO.

Notice that Z is an R-subalgebra of O. If b = ak € B = AK is an arbitrary element, with a € A and k € K,
then if z € Z we have

2b = z(ak) = (za)k = k(za) = k(az) = (ka)z = (ak)z = bz,

where the equalities marked by * follow from the fact that Z(B) = K. We have shown that every element of Z
commutes with every element of B, i.e. Z C K and thus

ZCKNO.

However, Theorem 2.11 tells us that every element of O, and hence of Z, is integral over R. By assumption, R
is integrally closed in K, so that Z C R and thus Z = R.
Finally, in the proof of the double centralizer theorem for central simple algebras, it is shown that the
multiplication map
A®rZ — O defined by a® z+ az

is a natural R-algebra isomorphism (see for example §8 of [Kna07]). We may thus identify O with AZ so that
O = AZ = AR = A. This proves that A is a maximal R-order in B as required. O

2.3 The Brauer Group of a Regular Ring

The main goal of this section is to prove the following theorem:

Theorem 2.13. Let R be a neotherian reqular domain of dimension 1 with fraction field K. Then the map
Br(R) — Br(K) is injective.

Proof. Let A be an Azumaya algebra over R such that its image [A ®g K] is trivial in Br(K), that is B :=
A®pr K &2 M,«n(K) as K-algebras for some n > 0. Furthermore, Theorem 2.12 states that A is a maximal
R-order in B.

Now, let V' be an n-dimensional K-vector space (e.g. V = K™) so we may identify B with the K-algebra
Endg (V) which makes V' into a B-module via ¢ - v := ¢(v). Next we fix a nonzero vector v € V' \ {0}. The
evaluation map

€: B—V defined by ¢ — ¢(v),

is clearly surjective since given any nonzero vector w of V', a change of basis matrix sending v to w is an
endomorphism that maps onto w. Furthermore, it is a B-module homomorphism since for any @1, 2 € B we
have

€(p10pa) = (10 p2)(v) = P1(p2(v)) = p1(e(p2)) = 1 - €(p2).
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Next we restrict € to A C B and corestrict to its image. More precisely, define A := €(A) to be the image of
A under € and
e:A— A defined as ec:=¢€|y
The reason why we use A to denote €(A) is that A is an R-lattice in V. To prove that this is indeed the case,
we must show three things:

e (A is an R-submodule of V) If wy,ws € A, then there is an @1, 92 € A such that ¢;(v) = w; and since A

is an R-subalgebra of the R-module endomorphisms of V, for any r € R we have
rwy + ws = re1(v) + a(v) = (re1 + 2)(v) where 1) +¢@y € A
and thus rwy +we € A; A is an R submodule of V.

e (A contains a K-basis of V') Since € is an epimorphism, dimg kere = dimg B/ dimg V = n and B/ kere
is an n-dimensional K vector space; let {11 + kere, ..., 1, + kere} be a basis. Since B = KA, we have
V; = pip;, where p; € K* and ; € A. Notice that

e(pi) = elpi) = e(p; i) = py i (v),
So that any K-linear combination k1e(p1) + - -+ + kne(p,) = 0, induces a K-linear combination
kror(0) + -+ kpon(v) =0 = kipr+ -+ kppn € kere
—  kipy (b1 Fker€) + - 4 kppy, (1 + kere) =0
and hence ky = -+ = k,, = 0. This shows that {e(¢1),...,e(vn)} C A is K-linearly independent in V' and
thus a K-basis.

e (A is contained in a finitely generated R-submodule A’ of V') Since € is a surjective R-module homomor-

phism and A is a finitely generated R-module, then A itself is finitely generated as an R-module.

Next, we embed A into Endg(A) via the left regular representation. More precisely, consider the map
p:A— Endgr(A) defined by p(p)(A) =@(A), AeA.
This is well defined because if ¢ € A and A € A, then there exists ¢’ € A such that £(¢') = ¢’(v) = A and hence

p()(A) = e(A) = (¢'(v)) = (po¢')(v) =c(poy) €A
It is routine to check that p is an R-algebra homomorphism; below we just verify that it is multiplicative: if
o, € A and r € R, then for every A € A,

p(po@)(N) = (og)(A) = (¥’ (X)) = e(p(e)(N) = ple)(p(e" ) (X)) = (p(@) o p(&")) (N).

Finally, p is injective: if ¢ € ker p, then p(p)(A) = p(A) = 0 for all A € A and in particular ¢ vanishes on
the basis of V' that is contained in A and hence ¢ = 0. This means that we can identify A as a subalgebra of
EndR(A)

By Proposition 2.6 Endgr(A) is an R-order of B, so the maximality of A as an R-order, given by Theorem
2.12 implies that A = Endg(A). In view of our characterization of [A] = 0 from (2.1), we would be close to
finishing the proof. However, we cannot guarantee that A is locally free. However, this problem can be solved
by changing A to A**.

Lets write M := A**. The map

a: A" ®@r A — Hompg(A,A)* defined by a(f @ N)(g) = f(g(N)

is an R-module homomorphism. It is a natural isomorphism whenever A is a finitely generated projective
R-module. Since we don’t have this assumption, we must look at the problem locally.

Every prime ideal p C R is of height 1 since dim R = 1, so the localization R, is regular (since R is regular
by assumption) with dim(Ry,) = ht(p) = 1. In dimension 1, being regular is equivalent to being a PID, so R, is
a PID. This means that A, := R, ®g A is a finitely generated torsion-free (since A is contained in the K-vector
space V) Rp-module. By the structure theorem for finitely generated modules over a PID, we may conclude
that A, is free. With this in mind, we obtain the following canonical isomorphisms:

R, ®r (A" ®rA) = (R, ®r A*) @r, (Ry ®r A) base change,
= (R, ®g Homg(A, R)) ®g, Ap
= Homg, (Ap, Ry) ®r, Ap by Proposition A.7,
= Hompg, (Home (Ap, Ap), Rp) by Proposition A.6,
= Hompg, (Rp ®r Hompg(A,A), Ry, ®r R) by Proposition A.7,
= R, ®r Homp (HomR(A7 A), R) by Proposition A.7,

= R, ® Homp(A, A)*.
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Thus, the localized maps o, : Ry ®p (A* ® A) = R, ®g Hom(A, A)* are all isomorphisms and thus the dualized
maps

ay Homp(A,A)*™ — (A" @r A)*

are all isomorphisms. Thus

Homp (A, A)™ =2 (A" @r A)*
= Hompr(A* ®r A, R)
= Homp(A ®@r A*, R)
=~ Hompg (A*, Hompg(A, R)) tensor-hom adjunction
= Hompg(A*, A¥)

Since Homp (A, A)** is reflexive, we have

Homp (A, A)™ = (HomR(A,A)**)** >~ Homp(A*, A*)™ =2 Homp(A*™, A*")

Furthermore
Endgr(A) < Endr(A)** = Endg(A*")

so we may view A as a subalgebra of Endr(A**). By maximality we have A = Endgr(A**). Since A*™* is
reflexive, then Theorem 2.10 tells us that A** is projective and Proposition A.9 implies that A** is locally free.
Thus we can now safely conclude that [A] = 0 inside the Brauer group. This finishes the proof that the map
Br(R) — Br(K) is injective.

O
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Appendix A

Miscellaneous Results

A.1 Tools from Commutative Algebra

A.1.1 Commutative Rings

Proposition A.1. (Ezercise 8 of Chapter III of [AM94]) Let R be a commutative ring and let S,T C R be
two multiplicatively closed sets. Let £s: R — S™LR denote the canonical localization map and set U := {(T) C
STIR. Then there is a canonical isomorphism

U YS™'R) = (ST)"'R.

Proof. Note that since R is commutative, ST is multiplicatively closed and hence (ST)~! R makes sense. Also,
since £ is a ring homomorphism, U is multiplicatively closed and thus U~!(S~!R) also makes sense. By our
assumptions, we have the following diagram

R—% 4 5-1gp U, y-i(s-14)

LsT

(ST)"'R

The required isomorphism (and its inverse) will be set up with the universal property of the localization map.
Let st € ST be an arbitrary element. Then

buls(st) =Ly (Ls(s)lr(s)) = Lu(ls(s)) - Lu(Ls(t)).

Since s € S, we have ¢g(s) € (ST'R)*. Since unital ring homomorphisms preserve units we have that
ly(ls(s)) € (UTH(STIR))*. On the other hand, since t € T, we have (g(t) € {(T) = U and thus £y (¢s(t)) is
a unit in U~1(S71R). These two arguments show that £;;5(st) is a product of units and hence itself a unit.
By the universal property of localization, the map ¢y s factors through £gr, i.e. there exists a (unique) ring
homomorphism ¢ : (ST)~! — U~1(S71A) that makes the following diagram commute:

R—% 5 5 1p U, y-1(S-14)
-1
. T lyls = plst
sT e
(ST)"'R

Next, if s € S then s = s-1 € ST (since 1 € T) so that £g7(s) is a unit in (ST)"'R. By the universal
property of localization, there is a (unique) ring homomorphism v : S~'R — (ST)~! R that makes the following

diagram commute:

R % , 5 1R

L lst = Pls

LsT <

(ST)"'R

Combining this with the previous commutative diagram, we have that

(bv)ls = wlst = (pY)ls.
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In other words, both ¢y and 1 satisfy the same universal property, namely:

SR

ol ty=pi
ts \U@

R 57, U-1(S—1R)

Note that pflgsr does indeed map S into the units of U~'(S~!R) as shown above. By the uniqueness of the
universal property, we have

by = ¢y (A1)
On the other hand, if u = ¢g(s) € U is arbitrary, then by the commutativity of the above diagram we have
lts(s) = Lsr(s) = Lsr(s-1) € (ST)'R)”

Thus ¢ maps U into the units of (ST)~!R so the universal property of localizations there is a (unique) ring
homomorphism ¢ : U71(S71A) — (ST)"!R that makes the following diagram commute:

SR U U-1(S1A)
% b=ty
s 13

In fact, if we postcompose ¥ = {0y with ¢ and use (A.1) we have:

() by = b = by = Ly.

In other words, both ¢ and id satisfy the same universal property, namely

U-YS™'R)

EUT e pe=id
et
SR —  U-Y(S-'R)

and thus uniqueness implies that @& = id
Conversely, if we postcompose {7ls = plgr with & we have

(€p)lsT = Elyls = Pls = Lsr. (A.2)
That is, £p and the identity satisfy the following universal property

(ST)~*
¢ W id 9 such that g = nlgr

sT

R (ST)

and thus id = £p. Since both ¢ and ¢ were uniquely given the isomorphism U~!(S™'R) = (ST)~!R is unique.
This finishes the proof. O

Remark A.2. We explicitly write down what Proposition A.1 looks like for the type of localizations we are
interested:

1. I S={f"|ne€Z}and T = {g" | n € Z}, then
Ryg = (Rg)s/1 = (By)g/1-

2. Let p C q be two prime ideals with S = R\ q and T'= R\ p. Since S C T, we have ST = T. Furthermore,
directly from the definitions we have U = £g(R \ p) = Ry \ pRy so we can conclude:

Ry = (Rg)pr

q

Proposition A.3. Let R be a noetherian local domain of dimension 1 with (unique) mazimal ideal m and
residue field k = R/m. Then the following are equivalent:
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(i) R is regular, i.e. dim R = dimy(m/m?),
(i) R is a PID,
(i) R is a DVR.

Proof. We only prove that (i) <= (i7) since this is the part we will use in these notes. We refer to Proposition
9.2 of [AM94] for the more complete version of this Proposition and its proof.

(i = ii) Since R is regular of dimension 1, then dimy(m/m?) = 1. Let x € m be such that z+m? generates m/m? as
a k-vector space. Since R is noetherian, m is a finitely generated R-module so we may apply Nakayama’s
Lemma to lift the generator; that means m = (z) and m is principal.

Let a C R be an ideal and consider its radical
Va:={a€R|a® €a,e>0}

of a. Since R is noetherian, v/a is finitely generated, say by a1, ..., a,; choose e; > 0 such that a{* € a. If
we write e 1= e; + - -+ + e,,, then (/a)¢ is generated by e-fold products of the generators, i.e.

(Va) = (@}t [ri o = ).

Now take any generator aj'---al» of (y/a)¢. By the choice of e, we necessarily have r; > e; for some
j=1,...,n. Thus a;j = a;j a;jfej € a and hence af' - --al™ € a. This proves that (v/a)¢ C a.

Next we compute the radical. Since v/a is equal to be the intersection of all prime ideals of R containing
a, then v/a = m. Indeed, if p C m is a nonzero prime ideal of R, then dim R = 1 implies that p = m. This

claim together with the above tells us that
Im > 0 such that m™ C a C m.

This implies that there exists an exponent 0 < r < m for which a € m” but a € m"t!. Thus, if
a € aCm’ = (z)" = (z"), there exists b € R such that a = bz". Since a ¢ m"*! = (2"+1), then
b ¢ (r) =m and is thus a unit since R is local. Thus 2" = b~'a € a and hence a = (2"). We have shown
that every ideal of R is principal and of the form a = m" for some r > 0.

(i1 = i) Since R is a PID then m = () for some z € R. If m/m? = 0 then m = m - m so that Nakayam’s Lemma
implies that m = 0. However, this implies that R is a field which contradicts the fact that dim R = 1.
Thus m/m? # 0 and in particular dimy(m/m?) > 1.

Next, let {z1 + m?,..., 2, + m?} be a basis for m/m?. By Nakayama’s Lemma again, we have m =
(x1,...,7,) so that z; = r;z® for some r; € R and e¢; > 1. If ¢; > 1, then z; € m® C m? and thus we
would have z; + m? = 0 which contradicts the fact that it is an element of a basis. Thus e; = 1 and
x; =1z forall i =1,... n. Similarly we must have that r; ¢ m. This means that r; +m € k is invertible
and hence

{(ri +m) Moy +m?), . +m) Nz, +mH)) = {z+m? . 2+ m?}

n times

is also a basis for m/m?. This is only possible if n = 1. Therefore dimy(m/m?) = 1 as required.

A.1.2 Canonical Isomorphisms

Lemma A.4. (Ezercise 10 of Chapter II of [AM94]) Let R be a ring and I C R an ideal contained in the
Jacobson radical of R. Let M be an R-module, N be a finitely generated R-module and v : M — N an
R-module homomorphism. If the induced map w: M/IM — N/IN is surjective, then u is surjective.

Proof. Since N is finitely generated, then N = (ni,...,n;) for some n;, € N. In particular N/IN is finitely
generated by n; + IN. Since @ is surjective, for each i = 1, ...t there exists m; € M such that u(m;) + mM =
n; + IN. Since I is contained in the Jacobson radical of R, then Nakayama’s Lemma allows us to lift the
generating set {u(m1)+IN,...,u(ms)+IN} of N/IN to a generating set {u(mq),...,u(m:)} of N. Therefore
N = {(u(my),...,u(my)) C im(u) and thus wu is surjective. O

Proposition A.5. Let R be a local ring with maximal ideal m and residue field k. Let M and N be finitely
generated R-modules with N free and let ¢ : M — N be an R-linear map. Suppose that the induced map
@ : M/mM — N/mN is an isomorphism. Then ¢ itself is an isomorphism.
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Proof. By the previous lemma, we only need to show that ¢ is injective and to do this, we will construct a left
inverse.
Suppose that N is freely generated by {n1,...,ns} C N and let mq,...,ms € M such that

Notice that this is equivalent to ¢(m;) + mN = n; + mN. Since N is free, we obtain an R-linear map
@ : N — M defined by n; — m;.

We claim that ¢/ 0o p = idps/mar. To show this, let m € M and write ¢(m) in terms of the basis of N as
©(m) = r;n;. Notice that by construction we have:

p ((m - Z rim;) + mM) = (@(m) - Z Ti@(mi)) +mN = (@(m) - Z Ti”i) +mN =0,
so that m + mM = > r;m; + mM since P is an isomorphism. Thus
@ (@(m+mM)) = ¢’ (Zrmz + mN) = Zrimi +mM =m+mM,

as claimed.
Next, we define
Wi M — M with ¢ =¢ 0.

The previous lemma applied to v = ¢ implies that 1 is surjective since v is surjective. This means that if we
consider M as an R[X]-module via ¢, i.e. X-m = ¢(m), then M = (X )M so that the Cayley-Hamilton theorem
tells us that there is a polynomial f(X) € R[z] with f(X) =1 (mod X) such that f(X)- M =0 (see [AM94,
Corollary 2.5]). In particular, there is another polynomial g(X) € R[X] such that f(X) = 1— Xg(X), and thus
for every m € M we have

g()(m) = g(X)X -m=(1—f(X))-m=m— f(X) -m=m,
that is g(¢)1 = idas, or equivalently (g(w)¢’) o ¢ = idps. This shows that ¢ has a left inverse as required. O

Proposition A.6. Let S be a commutative ring. Let A, B and C' be S-modules with A finitely generated and
projective. Then the map

o : Homg(B,C) ®s5 A — Homg (Homg(A, B),C)  defined by o(f ®a)(g) = f(g(a))
s a natural S-module isomorphism.

Proposition A.7. Let R be a commutative unital ring and R’ a commutative unital R-algebra. Let M be an
R-module. Then there is an R'-algebra homomorphism

B: R ®rEndp.mod(M) — Endgmoa (R ®r M),

that satisfies
Bl® ) =idp ® ¢ (A.3)

for all ¢ € Endg.moa(M). In fact, 8, viewed as an R'-module homomorphism, is unique among all R'-module
homomorphisms R’ @ Endpr-mod(M) — Endp/ med (R ®r M) that satisfy (A.3). Furthermore, if M is a free
R-module of finite rank, then 8 is an isomorphism.

Proof. First we define 8. Let r ® ¢ be a simple tensor in R’ ® g Endg_mod(M). Next we define the map
Yrgp: R X M — R'@r M with (z,m) — rz® ¢(m)

It is straightforward to check that 1,g, is R-bilinear (since R is commutative and ¢ is R-linear) so the universal
property of the tensor product gives us a (unique) R-linear map

Urgp: R @r M — R'@r M with zQ@m— rz® ¢(m).

In fact, ¥rg, is an R'-module endomorphism of R’ ®p M. Indeed, if r’ € R’ and x @ m € R’ ® g M is a simple
tensor, then

Urap (r'(x @m)) = trge(r'z @m) = 'z @ p(m) = r're @ p(m) =r'(rz ® p(m)) = 'Yhrg,(z,m).
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Hence ¢rg, € Endg-moda(R' ®r M) and we get a map,
B R ®r End g.mod (M) — EHdR/_mOd(R/ KRR M) defined by TR p— wr®<p (A4)

which we extend to an R’-linear map.
Notice that f is actually an R’-algebra homomorphism. First of all, 8 preserves the mulitplicative identities
since
Bl®idy)(x ®@m) = Pigidy (z@m) =1-2Qidy(m) =z @m =idrgu(z @ m)

so B(1 ®idy) = idrgp- And second of all, 8 is multiplicative since

B(ree)- (' @y')) =Brr' @ o) = Yrrigpy

and if x ® m € R’ @g M is an arbitrary simple tensor, then

Yrep (ﬂ’r’@w’ (z® m)) = Yrey (Tlx Y gp'(m)) =7 ® cp(@'(m)) = Yrr ey (z @m),
B((r@e) (e ) =tbraey = braptray = Br @ ¢)B(r' @ ¢').

Next we show that § is unique among R’-module homomorphisms R’ ® g End g.mod (M) — Endgr/_med (R’ ®r
M) satistying A.3. To see this, let 8’ be one such R’-module homomorphism. If r ® ¢ is any simple tensor in
the domain, then

Bliree)=F(rlee)=rf'(1e¢) =r(idr @¢) =rB(1R¢) =B p).

Hence 8 = 8 and we conclude that S is the unique R’-linear map that satisfies (A.3).

For the last part of the proof, we assume that M is a free R-module, say M = RN for some N € N. We
will exhibit another R’-module homomorphism R’ @ g Endg.mod (M) — Endp/med (R’ ® g M) which we will
know to be an isomorphism (since it will arise from the functorial properties of the Hom and tensor functors
Hompg mod(—, M) and — ® g M) and then show that it satisfies (A.3). By the uniqueness property we showed
above, we will have that this new isomorphism is in fact equal to 8 and thus £ is an isomorphism as required.

To this end, let {m1,...,myn} be a free generating set of M as an R-module. With this choice of basis, we
have an R-linear isomorphism

P . EndR(M) — MatNxN(R)

which associates an endomorphism ¢ : M — M with its associated matrix. On the other hand, R' ® g M is
isomorphic to R ®r RN = (R' @z R)N = (R")V via the isomorphism M = R¥ given by our choice of basis
above. More precisely, given an arbitrary m € M, we may write m = > r;m; uniquely, so the composition

RogpM —~ s RerRYN —~ s (RepR)N —~ 4 (RN
r® (Zr,ml) —— ' @ (ry,...,rN) —— (P Qr,.. 7 @ry) —— (r'ry, .. r'TN)
is an R-module isomorphism which is clearly also R’-linear. Hence, the canonical R'-basis {e1,...,en} of (R")V

(where e; = (1,0,...,0), etc.) pulls back to the R'-basis {1 ®m,...,1®@mp} of R’ ®g M. Thus as above, we
obtain an R’-module isomorphism

v EndR/(R’ Qr M) — MatNxN(R/)

that associates an endomorphism 1 : R’ g M — R’ ® g M to its associated matrix with respect to the basis
{1®@my,...,1@mpy} of R ®@r M.

Now we can put these two isomorphisms together. First we tensor ® with R’. Since tensoring on the left by
R’ over R is a functor, then we get the R’-module isomorphism

idp @ ®: R ®g Endg(M) = R' @r Matnxn(R).
Next, we know that Maty«n(R) = RY * 5o we have canonical R/-module isomorphisms

R @ Matyxny(R) —— R @g RN —=~ (R @z R)N' ——~—— (R)N" —=— Matyxn(R)
Q@ (riyj) —— 1 @ (r1,...,ranN) = (M ®@7r11,..., 7 @ryn) = (', ..., P rNN) —— (77135)

If we call the composition of these canonical isomorphisms

Z: R ®@r Matyxn(R) — Matyxn(R') defined by 7' ® A 1’ A,
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Then putting everything together gives us an R’-module isomorphism

idR/ RP

R @r Endgr(M) R ®@p Matyxn(R) —=— Matyxn(R) —L 5 Endp/(R ®r M)

e @ 0(p) 1 r'®(p) ¢ ¢

where the endomorphism ¢ : R’ @ g M — R’ @ g M is defined by the matrix '®(¢). Finally, under this map,
1® ¢ gets mapped to multiplication by the matrix 1-®(¢) = ®(p) which is the same matrix as the one associated
to @ just viewed as a matrix with entries in R’ (instead of R). Thus 1 ® ¢ — idg ® ¢ as required. This finishes
the proof. O

Remark. This result is a particular case of a more general result that states that if M and N are any R-modules,
there is a unique R’-module homomorphism

R/®HomR(M,N) — HOIIIR/(R/ Rr M,R/ Rpr ]\7)7

that satisfies 1 ® ¢ — idp' ® . Furthermore, if R’ is a flat R-module and M is finitely presented, then this
map is an isomorphism (see Proposition 2.10 of [Eis95]).

Corollary A.8. Let M be a finitely generated R-module where R is a neotherian integral domain with fraction
field K. Then there is a canonical K-algebra isomorphism:

K®R EndR(M) L) El’ldK(K QR M)

Proof. Since K is the localization of R, it is a flat R-algebra. Since M is finitely generated, it admits an
R-module epimorphism RN — M for some N € N. Since RY is a finitely generated module over a noetherian
ring, then it is itself a noetherian R-module and hence the kernel of R — M is finitely generated. Thus M is
finitely presented and we may apply Proposition A.7 to M = N and R' = K. O

Proposition A.9. Let R be a commutative ring and M an R-module. The following are equivalent:
(i

) M s locally free of finite rank,

(ii) M is finitely generated and projective,
)
)

(79) M is finitely presented and M, is a free R,-module for every prime ideal p C R,
(i) M is finitely presented and My, is a free Ry-module for every mazimal ideal m C R.

Remark A.10. If R is noetherian, then M is finitely generated if and only if M is finitely presented. Indeed,
M is finitely generated if, by definition, there is a surjective R-module homomorphism R™ — M for some
n > 0. Since R" is finitely generated and R is noetherian, it is a noetherian R-module and hence the kernel
N of R™ - M is finitely generated so it admits a surjective map R-module homomorphism R™ — N for some
m > 0. Therefore we obtain an exact sequence R™ — R"™ — M — 0, i.e. M is finitely presented.

Proof. (of Proposition A.9)

(i = ii) Assume that M is locally free, i.e. there exists an open cover of basic open sets of SpecR, say SpecR =
D(f1)U---UD(f,) such that each localization My, = M ®g Ry, is a free Ry,-module of rank N; > 0.
Notice that we may take the cover to be finite since SpecR is (quasi) compact.

Next, take N := max{Ny,..., N,} to be the maximum of these ranks. Then for each i =1,...,n,
Fi =My & R}™N

is a free Ry,-module of rank N. Hence

F = @FZ is a free S := @Rfi—module.
i=1 i=1
Thus N N .
M ®p S = @(M ®r Ry,) = @Mfi — @(Mﬂ @R%_Ni) =F
i=1 i=1 i=1
implies that M ®pg S is a direct summand of F, a free S-module of finite rank, and thus is a finitely

generated and projective S-module. The key property of S that we will leverage to take these desired
properties to M, instead of M ®g .S, is that S is a faithfully flat R-algebra. Indeed, localizations are exact
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(ii = iii)

functors so Ry, is a faithfully flat R-algebra and since tensoring over R commutes with direct sums, then
S is also faithfully flat.

We first turn out attention to the finite generation of M. Since M ®pg S is finitely generated we may
choose a generating set {x1,...,z;}. Each generator x; can be written as

t; t;
=Y my ®siz =) sij(mi; 1)

j=1 j=1
so{m;; ®1]i=1,...,t, j =1,...,t;} is also a finite generating set of M ®z S. Thus without loss of
generality, we may assume that each x; is already of the form m; ® 1. This gives us

R!' — M defined on the canonical basis as  e; — m;.
Tensoring this map with S yields
R'@pS=(Rors)=S"— M®rS

which is surjective since {m; ® 1,...,m; ® 1} generates M ®r S. That is, we have:

R! M 0

l*@RS lf@RS

St%M(@RS%O

Since the bottom row is exact and S is faithfully flat, then the top row is exact and we conclude that M
is finitely generated.

Now we turn to the projectiveness of M, i.e. we need to show that the functor Homp (M, —) is right
exact (we already know that the hom functor is left exact), i.e. given any exact sequence

A—=23B——0

then
Homp(M, A) —**~ Homp(M,B) — 0

is exact. Since S is faithfully flat, the exactness of the above sequence is equivalent to the exactness of

ids®@ax

S ®r Homp (M, A) S ®pr Homp(M,B) —— 0.

We can obtain this sequence from A — B — 0 by applying, in order, the functors functors — ®pg S and
Homg(M ®p S, —) followed by the natural isomorphism of Proposition A.7:

A B 0
| |
A®grS BrS ———— 0

l l

Homg(M ®r S, A®rS) —— Homg(M ®r S,B®rS) —— 0

[ [

S®rHomp(M,A) ———— S ®g Homg(M,B) —— 0.

Since the top row is exact and both — ® g S and Homg(M ®g S, —) are right exact functors, the latter
being right exact because M ®p S is projective, the bottom row is also exact as required.

Lets suppose that M is finitely generated and projective. The first assumption tells us that there is an
epimorphism R™ — M for some n > 0. So if we write K = ker v, we have the exact sequence

0 K —» Rn M 0 (A.5)

Since M 1is projective, this exact sequence is right-split by applying the definition of projective to the
diagram:
M

-
7 idm
v

R" —— M —— 0
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(iii = iv)

(iv = 1)

Thus (A.5) is left-split, i.e. there is an R-module homomorphism o : R™ — K such that ot = idg, i.e. o
has a right inverse and is thus surjective. This means that K admits an epimorphism R" — K is is thus
finitely generated. This proves that M is finitely presented.

This is trivial.

For each maximal ideal m C R, we have that M, is a free Ry-module. Since M is finitely presented, we
may localize its finite presentation to get

R™ R" M 0
|-enhn |-enn |-enhn
R™ @ R — R" @ Ry —— M @ Ry — 0 (A.6)
[ [ [
Ry Ry, M 0.

The bottom row is exact since localization is an exact functor and the isomorphisms between the second
and third row are canonical. Hence M, is finitely presented and is thus a free Ry,-module of finite rank.

Let {m1/s1,...,mi/sp} be a free generating set with m; € M and s; € R\ m. Notice that
{m1/1,...,my/1} is also a free generating set. Indeed, if m/s € M, then there exist u1 /t1,...,ur/ty € Mn
such that

k k
mo_ Ui s m
S ; ti S ; tisi 1
so that {mi/1,...,my/1} generates and it is linearly independt since
g Ty U; S5 My U S (173

X
because a; € R.

Next, with the free generating set {m1/1,...,my/1} we have the R-module homomorphism
©: R¥ — M defined on the canonical basis by e; — m;.

If we write K := ker p and N := M/p(R*) for the kernel and cokernel of ¢ respectively, we have the exact
sequence

0 K RF 2 M N 0. (A7)

Similarly as in (A.6), we obtain the exact sequence

0 K RE 2™y M, Na 0. (A.8)

where the localized map ¢, = ¢ ® idg,, is defined as on the canonical basis by
pm(ei/1) = (¢ @idr, )(e; @ 1) =m; ® 1

and hence maps the canonical basis onto our free generating set for M,,. Thus ¢y, is an isomorphism and
in particular, the terms surrounding it in the exact sequence (A.6) are zero, i.e. Ky = Ny, = 0.

Since N is a homomorphic image of a finitely generated (in fact finitely presented) R-module, it is
itself finitely generated; let {n1,...,n;} be a generating set. Since Ny, = 0, then n1/1 = 0 in Ny, that
is, there exists an g; € R\ m such that g;n; = 0. If we set g := g1 ---g;, then g € R\ m since m is prime
and gn; =0 for all ¢ = 1,...,l. This implies that g/N = 0 since it annihilates its generators. For the same
reasons, the localized module NV, is zero.

We would also like to find some A € R\ m for which K; = 0, however, we cannot immediately
use the same argument we used for N since it is not obvious that K is finitely generated because the
definition of being finitely presented only states that there exists a presentation whose kernel of relations
is finitely generated, not that every presentation has finitely generated kernel. However, this is true; For
the moment, we assume that K is finitely generated and we postpone the proof of this fact until the end.

Assuming that K is finitely generated, the same argument we used for N yields an h € R\ m such
that Kj = 0. By Proposition A.1 (or more precisely, Remark A.2) we have that

Ky =2 K®p Ry 2 K Qg (Ry ®r, (Rn)g/1) = (K Qr Rp) ®r, (Rn)g1 = Kn ®r, Ry = 0.
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Swapping K with NV and h with ¢ in the above computation gives Ny = 0. Thus if we localize the exact
sequence (A.7) with respect to {f€ | n € Z} we obtain the exact sequence

Pf

0 Ky Rk My Ny 0.
=0 =0

and thus M, = R’;.

In conclusion, we have found, for every maximal ideal m C R, an element f € R\ m such that My
is a free Ry-module. Thus, for every point p in SpecR, we can find a basic open neighborhood D(f,)
that contains (a point m contained in the closure of the point) p. Since SpecR is (quasi) compact, we
may take finitely many fi,..., fi € R such that SpecR = D(f1) U---U D(f;) and such that My, is a free
Ry,-module. That is M is locally free as required.

The only thing left to show is that K is finitely generated. To do this we localize the exact sequence
in (A.7) with respect to the multiplicative subset {¢° | e € Z}, to obtain the short exact sequence

Pg

0 K, RF

g M, N, = 0.

The same argument we used to show that My, is finitely presented applies for M,. In fact, we get an
analogous exact sequence to the bottom row of (A.6) which we attach the one above as follows:

R Ry M, 0
H (A.9)
0 K, —— RF - M, 0,

where we have now labeled the previously unamed arrows.

Since Ry is a free Rj,-module, it is projective and hence by definition the map ¢ : Ry — M factors
through ¢, i.e. there is a map n: Ry — ngC that makes the following diagram commute:

R’ﬂ
n 7
e
)ig

k
RQTMg*}()

Now, observe that p,né = 1€ = 0 since the top row of (A.9) is exact. This shows that the image of n
is contained in ker ¢, = im(¢). Thus, since R is free and hence projective, the map n¢ factors through
the surjective map Ky — ¢(Kj), i.e. there is a map p : Ry — K, such that makes the following diagram
commute:

Ryt

-

p
s lné
v

(Ky) 0

K,

L

Thus we can fill out the diagram in (A.9) with the the maps n and p to get the diagram

m & n ¥
R" R" M, 0
J{p lﬁ J{ld M
0 K, —— R -5 M,

which commutes by the constructions of  and p. We can now apply the Snake Lemma (see for example [?])
which states that there is a long exact sequence

ker p kern keridy; = 0 —— cokerp —— cokern —— cokerid =0 —— 0

and in particular cokerp = cokern. Since cokern is the homomorphic image of a finitely generated module,
namely RS, it is finitely generated, and hence cokerp is finitely generated as well. Furthermore, imp is
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also finitely generated since it is the homomorphic image of Ry'. Thus we can sandwhich K, into a short
exact sequence

0 — im(p) —— K, — cokerp —— 0

where its neighbors are finitely generated. This implies that K is finitely generated. Indeed, choosing
finite set in K, whose image in cokerp generates, together with a finite generating set of im(p) C K, yields
a finite generating set for K.

O

Proposition A.11. Let R be a commutative ring, A and R-algebra and M a left A®Qgr A°P-algebra. Then there
18 a natural R-module isomorphism.

Homag a0 (A, M) — Zpy(A)={m e M |a-m=m-a, Va€c A} defined by frs f(1a).

A.2 Sheaves of Ox-modules

Let X = (X, Ox) be a scheme and F be a coherent sheaf. If 2 € X a point, and F, the stalk of F at z. Then
T, is naturally an Ox ,-module.

This module structure is defined as follows: if [s] € JF, is represented by s € F(U) and [r] € Ox , is represented
by r € Ox (V) for some other open neighborhoods U and V of z, then we define

[r] - [s] == [rlws|lw] where W CUNYV is a smaller open neighborhood of x.

This is possible since s|y lies in F(W) which is itself an Ox (W )-module and thus can be multiplied by r|w €
Ox(W).

Proposition A.12. Let F and G be Ox-modules and x € X. Then:
(i) (T @0y )z =Tz ®ox, Gu»
(ii) If F is coherent, then (Homox (7, 9))90 &~ Homo, , (F2, 9a)-

Proof. Since the stalks of presheaves and their sheafifications are the same, then we may work with the presheaf

(1) By definition of the stalk of a presheaf, we have

T ®0x.. 9o = (11]1191; rJr(U)> Rlimysx Ox (U) <(1]1191916 9(U)> = (1]1131915 (FU) ®oxw) SWU)) = (F @0y 9),

where the first isomorphism is natural and follows from the universal properties of the direct limit and
the tensor product (see Lemma 11.4 of [Cut18]).

1) For simplicity, we write H := Hom, _(F,§). Since F is coherent, there exists an open neighborhood U of
Ox

 such that F|y = M where M is a finitely generated Ox (U)-module. Since stalks don’t change when
restricting to U, then the statement follows from the natural isomorphism

HomS*IOx(U) (S_lgj(U)’ S_lg(U)) = S_l (HomOX(U) (SF(U)7 S(U))>
where S C Ox (U) is any multiplicatively closed set (see Proposition 2.10 of [Eis95]).
O

Corollary A.13. Let (f, f*) : (Y,0y) — (X,0x) be a morphism of ringed spaces and A an Ox-module.
Then by definition, for any y € Y there is a local homormophism ff : Ox f(y) = Oy,y which makes the stalk
Ajyy into an Ox f(,y-module. Then

(frA)y = Ag(y) ®Ox 4y Oyy-

Proposition A.14. (Ezercise I1.5.1 of [Har77]) Let (X, Ox) be a ringed space and A a locally free Ox -module
of finite rank. If we denote the dual of A as

A :=Hom,, (A,Ox).

Then the following are true:
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(i) A=A

(i) If F is an Ox-module, then }
Homy, (A, F) 2 A®o, F

(iii) If F and G are Ox-modules, then

Homox (A ®ox 3:7 9) = HOmoX (AvHO7HM9x (H:a 9))

(iv) (Projection Formula) If f : (Y,Oy) — (X,0x) is a morphism of ringed spaces and F is an Oy -module,
then there is a natural isomorphism

(T o, ffA) 2 f.F R0, A

Corollary A.15. Let f:Y — X be a morphism of noetherian schemes and let A be a locally free O x -module.
Then

Homo, (f*A, f*A) = f*Hom, (A, A)

Proof. We will show that Homg,, (f*A, f*A) and f*Homy, (A, A) represent the same functor and hence
Yoneda’s Lemma would imply that these are naturally isomorphic. Let § be any Oy-module and consider
the following chain of isomorphisms:

Hom (Hom,, (f*A, f*A),5) = Hom (f*.A R0y Fj, 9) by Proposition A.14.(ii)
~—"
=~ Hom (f*.A, Homg,, (f*A, 9)) by the Hom-Tensor adjunction
=~ Hom <f*A, F‘j R0y 9) by Proposition A.14.(ii)
= Hom (f* A, f*A®o, 9) by Proposition A.14.(i)
>~ Hom (A, f.(f"A®o, 9)) by the f.-f* adjunction
~ Hom (A, A®o, f+9) by the Projection formula
=~ Hom (Homox (A, A), 1§ ) by the Hom-Tensor adjunction
= Hom (f*Hom,, , (A, A), 9) by the f.-f* adjunction

This proves that Hom,, (f*A, f*A) and f*Hom (A, A) represent the same functor so they are isomorphic as
required. O

Proposition A.16. (Ezercise I1.5.7 of [Har77]) Let X be a neotherian scheme and F a coherent sheaf.

(i) Let © € X. If the stalk F; is a free Ox ,-module. There exists an open neighborhood U of x for which
Flu is a free Ox-module.

(i1) F is a locally free Ox-module if and only if Fy is a free Ox ,-module for all x € X.
Proof.

(1) Let x € X. Since F is coherent, there exists an open affine neighborhood V' = SpecA of = such that

Fly = M where M is a finitely generated A-module; let mq,...,m, € M generate M as an A-module.
The point = corresponds to a prime ideal p C A so Ox , = Ap and I, = M, as A,-modules.

Under these identifications, are assumption on JF, says that M, is a free Ap-module; let {z1,..., 24}
be a free generating set of M,. Each element can be written in the form
Z; = & !

Siz

where a; € A, s; € A\ p and 2z, € M; set s := s1---54. For each generator m; of M as an A-module,
consider their images ¢(m;) € M, under the canonical localization map ¢ : M — M,. Then for each of
these, we may write

f(mk) = Z a/k’i_ 2 with Qi S A7 Uk,i € A \ p

If we define

n d
=T ITw
k=11=1
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then u & p since ug; & p for all k and i. Therefore f := su € A\ p and we get a canonical map Ay — A,.

This means we can define:

d
b b b;
.oad . 1 d i
Y Ay — My with <fjl ey fjd) — gl 7 Z;-

This map is clearly Ay-linear. It is also injective since {z1,...,2q} is a free generating set. Finally, to
show surjectivity, let (a/fN)m € My be arbitrary. Since {mi,...,m,} generates M over A, there exists
€1y...,cn € A such that m = > ¢gmy. Thus

n d d n
a a ( (2277 ) acy
—m=— Ck zi | = Z;.
S DI DBl B DI el
f f =1 1 Uk,i i—1 \h—1 f Uk,i
Since, uy ; | f by construction, then f = u;“u;“ for some u;m € A so that:
/
acy acCrUy ;
N = N+1ﬂ €Ay
TN ug f

Hence,

n / n /
ackuy, | ackuy 4 a
a0y N+ Y N+ | TN

k=1 k=1
and 1 is surjective.

Thus My is a free A;-module. Going back to F, we can conclude that F(D(f)) = My is a free
Ox(D(f)) = Ay module where D(f) is the basic open neighborhood of = defined by f € A. Since already

Fly = M and D(F) C V, then F|p(y) is a free Ox-module as required.

(it) The “only if” part is simply the previous item. Lets suppose that F is a locally free Ox-module and let
x € X. By assumption, there exists an open neighborhood U of z such that F|y is a free Ox|y-module.
We will show that F is a free Ox ,-module.

To see this, let [s] € F, be any element represented by some section s € F(V) where V is an open
neighborhood of z. Since [s] = [s|unv], we may assume that V' C U. By assumption, F(V) is a free
Ox(V)-module; let s1,...,8, € F(V) be a free generating set. Then we claim that [s1],...,[s,] € F, is a
free generating set for J, over Ox ;.

Now, since s € F(V), there exist ay,...,a, € Ox(V) such that s = > a;s; and thus

n

[s] = laillsi].

i=1
Now, if [s] = > b;[s;] is any other linear combination, we would have
0] = [(a; — bi)s;]
i=1
which means that there exists an open neighborhood W of = such that W C V and

0lw = (Z(ai - b1)51> ‘
w

i=1

Corollary A.17. Let F be a coherent locally free Ox-module. Then

Endo,, (%) ®ox Endp  (F) = Endp , (F @0y F).
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